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Abstract

These lecture notes give an introduction to the algebraic renormalization of

the Standard Model. We start with the construction of the tree approximation

and give the classical action and its defining symmetries in functional form.

These are the Slavnov-Taylor identity, Ward identities of rigid symmetry and

the abelian local Ward identity. The abelian Ward identity ensures coupling

of the electromagnetic current in higher orders of perturbation theory, and is

the functional form of the Gell-Mann–Nishijima relation. In the second part of

the lectures we present in simple examples the basic properties of renormalized

perturbation theory: scheme dependence of counterterms and the quantum

action principle. Together with an algebraic characterization of the defining

symmetry transformations they are the ingredients for a scheme independent

unique construction of Green’s functions to all orders of perturbation theory.
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1. Introduction

In these lectures we give an introduction to the algebraic renormalization of the

Standard Model of electroweak interaction. The Standard Model of elementary parti-

cle physics is a renormalizable quantum field theory and allows consistent predictions

of physical processes in terms of a few parameters, as masses and couplings, order by

order in perturbation theory. The Standard Model includes electromagnetic, weak and

strong interactions and the classical model is a non-abelian gauge theory with gauge group

U(1) × SU(2) × SU(3). The U(1) × SU(2) gauge group is spontaneously broken to the

electromagnetic subgroup providing masses for the charged leptons and quarks and for the

vector bosons of weak interactions via the Higgs mechanism, but leaving the photon as a

massless particle [1, 2, 3]. Since the electromagnetic subgroup does not correspond to the

abelian factor subgroup it turns out that weak interactions cannot be described consis-

tently without the electromagnetic interactions, but we are able to split off the unbroken

SU(3)-colour gauge group responsible for the strong interactions without destroying the

physical structure of the theory. In these lectures we only consider the SU(2) × U(1)-

structure of electroweak interactions.

The Standard Model of electroweak interactions has been tested to high accuracy with

the precision experiments at the Z-resonance at LEP [4]. The degree of precision enforces

to take into account also contributions beyond the tree approximation in the perturbative

formulation. For this reason an extensive calculation of 1-loop processes and also 2-loop

processes has been carried out in the past years and compared to the experimental results.

(For reviews see [5, 6] and references therein; for a recent review see [7].) A careful analysis

shows that the theoretical predictions and the experiments are in excellent agreement with

each other [8].

A necessary prerequisite for carrying out precision tests of the Standard Model is the

consistent mathematical and physical formulation of the Standard Model in the framework

of its perturbative construction. Explicitly one has to prove the following properties in

order to bring it into the predictive power, which the Standard Model is expected to have:

• The Green’s functions of the theory are uniquely determined as functions of a finite

(small) number of free parameters to all orders of perturbation theory. This property

is called renormalizability.

• The physical scattering matrix constructed from the Green’s functions is unitary and

gauge parameter independent. In particular these properties ensure a probability

interpretation of S-matrix elements and guarantee at the same time that unphysical

2



particles are cancelled in physical scattering processes. Only then the theory has

indeed a physical interpretation.

• It has to be shown, that the theory is in agreement with the experiments by calcu-

lating different processes as accurately as possible.

In the present lectures we only treat the first point, the unique construction of the

Green’s functions to all orders of perturbation theory. We want to point out, that unitarity

and gauge parameter independence of the S-matrix are not rigorously derived in the

Standard Model by now, but are commonly assumed to hold. However, its analysis

includes the important problem of unstable particles, whose solution will have far reaching

consequences in phenomenological applications (see for example [9]).

Renormalizability of gauge theories has been first shown in the framework of dimen-

sional regularization [10, 11]. One has used that dimensional regularization is an invariant

scheme for gauge and BRS invariance, respectively, as long as parity is conserved. In this

scheme it has been proven that all the divergencies can be absorbed into invariant counter

terms to the coupling, the field redefinitions and the masses of the classical action. This

method implies the unique construction of the Green’s functions. These proofs are not

applicable to the Standard Model, since there parity is broken. It is also well-known, that

the group structure of the Standard Model allows the presence of anomalies. For this

reason an invariant scheme is very likely not to exist. The algebraic method of renormal-

ization provides a proof of renormalizability also in such cases where an invariant scheme

does not exist. It gives in a scheme-independent way the symmetry relations of finite

Green’s functions to all orders.

The algebraic method has been applied to gauge theories with semi-simple gauge

groups [12, 13]. Necessary prerequisite for the algebraic method to work was the discovery

of the BRS symmetry [12, 14] named after Becchi, Rouet and Stora. In its functional

form BRS symmetry is called the Slavnov-Taylor identity. This identity is the defining

symmetry of gauge theories in renormalizable and Lorentz invariant gauges and includes

the gauge-fixing action and the action of the Faddeev-Popov ghosts.

To gauge theories with non-semisimle groups the algebraic method has been applied

in [15]. In particular this paper includes an investigation of the anomaly structure and an

investigation of the instability of abelian factor groups, but the authors do not consider

massless particles and do not care about physical normalization conditions. The Green’s

functions of the electroweak Standard Model and its defining symmetry transformations

are constructed in [16] by algebraic renormalization to all orders. In this paper we have

given also special attention to on-shell normalization conditions and to a careful analysis
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of free parameters. In the present lecture we will give an introduction to this construction:

In the first lectures, section 2, we construct the classical action as an SU(2)×U(1) gauge

theory. Special attention is paid to the uniqueness of the action and transformations

and their algebraic characterization. In section 3 we introduce the renormalizable gauges,

BRS symmetry and Faddeev-Popov ghosts. Finally we summarize the defining symmetry

transformations of the tree approximation in functional form, the Slavnov Taylor identity,

the Ward identities of rigid symmetry and the local abelian Ward identity. In the last

lecture, section 4, the construction to all orders by the algebraic method is outlined.

In particular we present the basic ingredients of the algebraic method, namely scheme

dependence of counterterms and the action principle. In Appendix A we collect the

important formulae of the tree approximation: the classical action and the symmetry

transformations of the Standard Model. The exercises that were given during the lectures

can be found in Appendix B.

Since we assume in these lectures, that the reader has a basic knowledge about quan-

tum field theory and renormalization, we give a few books and reviews separated from

the usual references, which introduce the foundations of perturbative quantization and

renormalization. The books and reviews that we have selected are mostly close to our

presentation and these lectures continue the methods presented therein to the Standard

Model of electroweak interactions.
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2. The classical limit of the Standard Model

2.1. Particle content of the Standard Model

The particles of the Standard Model are divided into groups according to their particle

properties, as spin and electric charge. The first group consists of particles with spin 1
2
,

the fermions. The group of fermions has two subgroups, the leptons and quarks. Whereas

leptons only participate in weak interactions, the quarks interact by weak and strong

interactions. Accordingly all quarks are colour vectors. Strong interaction is described by

SU(3) colour gauge theory, weak and electromagnetic by a SU(2) × U(1) gauge theory,

so that the complete Standard Model is a SU(3)× SU(2)× U(1) gauge theory. In these

lectures strong interaction will not be taken into account, so we restrict ourselves in

treating the SU(2) × U(1) gauge theory of electroweak interactions and consider colour

SU(3) as a global symmetry. (We come back to this point at the end of this subsection.)

Quarks and leptons are also distinguished by their electric charge: There exist two types

leptons, charged leptons e, µ, τ with electric charge Qe = −1 and the neutral neutrinos

νe, νµ, ντ . Up-type quarks, the up, charm, and top, have charge Qu = 2
3
, down type

quarks, the down, strange and bottom have electric charge Qd = −1
3
. fermions in the

Standard Model are furthermore arranged into three families according to the following

scheme:

νe νµ ντ

e µ τ

u c t

d s b

(2.1)

In the following we only consider the first generation of fermions (e, νe, u, d). In partic-

ular we disregard any mixing effects between different generations. In generality mixing

between three families leads to CP violation via the Cabibbo-Kobayashi-Maskawa matrix

[17], which makes proving the renormalizability more difficult.

The second group of particles consists of the vector bosons, which are particles with

spin 1. The gauge bosons of electroweak interactions are the photon (Aµ), the Z-boson

(Zµ) and the W±-bosons (W±
µ ). The photon and Z-boson are neutral, W±-bosons have

electric charge +1 and −1, respectively. The full Standard Model in addition contains

eight gluons of strong interactions, which are not considered in the course of these lectures.

The photon is massless and couples to all the electric charged particles, in particular it
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couples also to the charged bosons of electroweak interactions. The other three bosons

are massive, which makes the weak interactions important only at small distance scales.

The weak force is responsible for the decay of the muon and the β-decay of the neutron:

µ

_

ν

eW -

µ

ν
e

_

eW -

ν
e

d

u

u

d

u

d

P

N

µ −→ e+ ν̄e + νµ, n −→ p+ e+ ν̄e.

In the Standard Model there is one scalar particle, which has spin 0 and is neutral

with respect to electric charge. It is called the Higgs boson. In the theoretical prescription

of electroweak interactions it is needed to give masses to the vector bosons and to the

fermions in agreement with SU(2)× U(1) gauge symmetry [18, 19]. However, the Higgs

particle has not been observed until now. All the particles of the Standard Model with

their properties are listed in table 1.

The following remarks should be made about the exclusion of the strong interactions

in these notes. The QCD coupling constant is by far the largest coupling in the full

Standard Model for energy scales that are reached in experiments now and in the near

future. This means that the QCD corrections are more important in phenomenological

applications than the electroweak corrections: for the precision tests of the physics at the Z

resonance at LEP1 the following calculations were needed: 3 loop QCD corrections, 1 loop

electroweak corrections with 1 loop QCD corrections on top of that; 2 loop electroweak

was of minor importance. In the lectures we disregard QCD corrections, but this does not

mean that QCD corrections factor out of the calculations of scattering matrix elements.

Indeed this is not at all the case, as can been seen from the following two diagrams:

The diagram on the left can be understood as first an electroweak correction is applied

and then a QCD correction, so this diagram is factorable. But this analysis can’t clearly

be done to the diagram on the right.
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Disregarding QCD corrections in the proof of renormalizability is justified, since the

colour group SU(3) is unbroken in the Standard Model and its generators of global symme-

try do not mix with the one of SU(2)×U(1) symmetry. In contrast to this renormalizing

only SU(2) instead of the SU(2)×U(1) symmetry means to treat a different theory, since

the symmetry of the electroweak model is spontaneously broken in such a way that the

abelian subgroup cannot be factorized out anymore. (The electromagnetic charge oper-

ator is a linear combination of a genuine abelian operator Y and the third component

of weak isospin.) So if we understand the renormalization there, then the inclusion of

QCD requires just the addition of an unbroken local symmetry, whose global symmetry

is conserved by construction.

2.2. The construction of gauge theories

2.2.1. The free Dirac equation

We start our discussion with the Dirac equation of free fermions:

(iγµ∂µ −mf )f = 0, (2.2)

f̄(iγµ
←
∂µ +mf ) = 0. (2.3)

Here f is a four component Dirac spinor and f̄ = f †γ0 the adjoint spinor. γµ are the

Dirac matrices which form a Clifford algebra,

{γµ, γν} = 2gµν11, (2.4)

with the metric gµν = (1,−1,−1,−1). For a set of fermions {f} the equations of motion

can be derived from the action

ΓbilDirac =
∑

f

∫

d4xf̄(i∂/−mf)f (2.5)

by the classical principle of least action, i.e.

δΓbilDirac = 0. (2.6)

Here we have defined ∂/ = γµ∂µ and The summation is understood over all fermions in

question, as for example f = ν, e, u, d, if we include the first fermion generation of the

Standard Model.
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Type Spin Particle Charge Mass(MeV )

g 0 0

γ 0 0

Vector 1 Z 0 91.1884GeV ±0.022GeV

W± ±1 80.26GeV ±0.16

νe < 7.3eV CL = 90%

νµ 0 < 0.17 CL = 90%

ντ < 24 CL = 95%

Leptons 1
2

e 0.51099907 ±0.0000015

µ −1 105.658389 ±0.000034

τ 1777.0 +3.0,−2.7

u 5.6 ±1.1

c 2
3

1350 ±50

t 180GeV ±12GeV

Quarks 1
2

d 9.9 ±1.1

s −1
3

199 ±33

b 5GeV ±1GeV

Higgs 0 H 0 > 58.4GeV CL = 95%

Table 1: Properties of the particles which make up the electroweak Standard Model [20].
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To evaluate the variation of a functional we introduce – for later use – the functional

derivative. A functional F assigns to functions ui of some function space B a complex

number: F : ui ∈ B −→ F [u] ∈ C. In generalization of ordinary variations of functions

the variation δF of the functional is given by:

δF =
∑

j

∫

d4x
δF

δuj(x)
δuj(x). (2.7)

The δ
δuj(x)

denotes the functional derivative with respect to uj at x, which is defined by

the usual properties of a derivative together with:

δui(x)

δuj(y)
= δijδ

4(x− y). (2.8)

If we apply functional variation for determining the variation of the Dirac action ΓbilDirac
(2.5) we get:

δΓbilDirac =
∑

f

∫

d4x

{

δf̄(x)
δΓbilDirac
δf̄(x)

+
δΓbilDirac
δf(x)

δf(x)

}

(2.9)

=
∑

f

∫

d4x

{

δf̄(x)(i∂/ −mf )f(x) + f̄(x)(i
←
∂/ +mf )δf(x)

}

Since δf̄ and δf are independent variations, the Dirac equation of the fermions and adjoint

fermions follow from the principle of least action (2.6). Note that in (2.9) spinor variation

is applied from the right and variation with respect to the adjoint spinor from the left for

consistency.

2.2.2. The electromagnetic interaction

Noether’s theorem tells that current conservation and charge conservation is connected

with the symmetries of the action. For this reason we now want to look for symmetries

of the Dirac action.

Of course the Dirac action is invariant,

ΓbilDirac(f̄ , f) = ΓbilDirac(f̄
′, f ′), (2.10)

if we redefine all fermions by a single phase factor:

f −→ f ′ = e−iεqff and f̄ −→ f̄ ′ = eiεqf f̄ . (2.11)
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Here ε denotes a real parameter, qf are numbers associated to the different fermions. These

transformations form an abelian group for arbitrary qf as long as no further symmetries

are considered. Assigning to qf the electric charge Qf of the respective fermion the

transformation (2.11) is related to electric current and finally charge conservation. We

could also assign

qf =

{

1, if f = ν, e

0, if f = u, d
or qf =

{

0, if f = ν, e

1, if f = u, d
(2.12)

Then the transformation corresponds to lepton or baryon family number conservation. In

the following we restrict ourselves to electromagnetic transformations (qf ≡ Qf ), since –

in contrast to lepton and baryon number symmetry – electromagnetic symmetry is gauged

in the electroweak Standard Model.

From now on we do not consider the group transformations, but expand the exponen-

tial function for small ε and only consider the corresponding infinitesimal transformations.

(So we restrict ourselves to the Lie algebra of the Lie group.). The infinitesimal transfor-

mations of (2.11) have the form:

δem(ε)f = εδemf = −iεQff and δem(ε)f̄ = εδemf̄ = iεQf f̄ . (2.13)

If we apply these transformations to the bilinear action (2.5), we find the infinitesimal

version of (2.10)

δem(ε)ΓbilDirac = εWemΓbilDirac = ε

∫

d4xwem(x)ΓbilDirac = 0. (2.14)

In this equation we have introduced the functional operators which correspond to elec-

tromagnetic transformations: wem is the functional operator of the infinitesimal local

electromagnetic transformations,

εwem(x) =
∑

f

(

δemf̄(x)
δ

δf̄(x)
+

δ

δf(x)
δemf(x)

)

(2.15)

=
∑

f

(

iεQf f̄(x)
δ

δf̄(x)
− iεQf

δ

δf(x)
f(x)

)

,

and Wem is the one of global or rigid electromagnetic transformations:

Wem =

∫

d4x wem(x). (2.16)

Now we are able to derive immediately Noether’s first theorem: Since the Dirac action is

invariant under global transformations, the local transformations can be only broken by

a total derivative:

wem(x)ΓbilDirac = −∂µjemµ (x). (2.17)
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The electromagnetic current,

jemµ (x) =
∑

f

Qf f̄(x)γµf(x), (2.18)

is seen to be conserved by applying the equations of motions

δΓbilDirac
δf

= 0 and
δΓbilDirac
δf̄

= 0 (2.19)

on the left-hand-side of eq. (2.17). According to Noether’s second theorem we are able to

gauge the symmetry by coupling the electromagnetic current to a vector field Aµ:

Γmatter = ΓbilDirac −
∫

d4x e jemµ Aµ. (2.20)

Here e is the electromagnetic coupling constant and we may interpret Aµ as the elec-

tromagnetic vector potential. The action (2.20) is indeed invariant under local gauge

transformation as it stands if we assign the transformation

δem(ε(x))Aµ =
1

e
∂µε(x) (2.21)

as abelian gauge transformation to Aµ. The local gauge invariance of the new action

Γmatter can be expressed in functional form:

(

wem −
1

e
∂µ

δ

δAµ

)

Γmatter = 0. (2.22)

To interpret Aµ as a dynamical physical field, namely the photon, it needs to have a

kinetic action as well: The free field action

Γgauge = −1

4

∫

d4xF µνFµν (2.23)

with the antisymmetric field strength tensor

Fµν = ∂µAν − ∂νAµ (2.24)

is invariant under the local transformation (2.22).

If we put the invariant actions (2.20) and (2.23) together, we arrive at the action of

classical electrodynamics:

Γem =

∫

d4x

(

∑

f

f̄(i∂/−mf )f − ejemµ Aµ − 1

4
F µνFµν

)

. (2.25)
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The field equations that follow from the classical action (2.25) are:

∂µFµν = ejemν , (2.26)

(i∂/−mf )f = eQfγ
µAµf.

Gauge invariance of the electromagnetic action can be expressed by the functional identity:

(

wem −
1

e
∂µ

δ

δAµ

)

Γem = 0. (2.27)

In perturbation theory this equation will be continued to the electromagnetic Ward iden-

tity, which plays an important role for the definition of Green’s functions in higher orders

(see [Q4,R5]). For this reason one has to note that the most general solution of the Ward

identity for local actions with dimension less than or equal four is given by (2.25) up to

the field and coupling redefinitions:

f → zff f̄ → zf f̄ (2.28)

A→ zAA e→ z−1
A e

Note that these redefinitions leave the operator in (2.27) invariant.

One final remark about the dimensions of the fields [Q3]: If one scales the coordinates

by: xµ −→ e−λxµ, then a field B may scale as B −→ eαλB. The number α is called

the (naive scale or mass) dimension of a field B. This leads to the following table.

Field xµ ∂µ f f̄ Aµ

Dim -1 1 3
2

3
2

1

2.2.3. Beyond the Fermi model

In the previous subsection the electromagnetic interaction was discussed, we now turn

to the weak interactions. In this discussion we take all fermions to be massless to start

with. Low energy experiments, like the decay of neutrons or muons, suggested the exis-

tence of charged currents:

J+
µ =

1

2
√

2

(

ē(11− γ5)ν + d̄(11− γ5)u
)

, (2.29)

J−µ = (J+
µ )† =

1

2
√

2

(

ν̄(11− γ5)e+ ū(11− γ5)d
)

.
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Their interaction could be described by the effective Lagrangian:

Leff = −4
√

2GµJ
+µJ−µ , (2.30)

where the coupling constant Gµ is called the Fermi constant. This is the Fermi model

of weak interactions, which worked phenomenologically quite well for describing the low

energy processes of weak interactions. In the charged currents (2.29) we have introduced

the γ5 matrix, which is defined by

γ5 = iγ0γ1γ2γ3, (2.31)

and has the following properties:

{γµ, γ5} = 0, and (γ5)
2 = 11. (2.32)

Out of the γ5-matrix two projection operators can be constructed,

PL =
11− γ5

2
, PR =

11 + γ5

2
, (2.33)

with the properties:

PL + PR = 11, PRPL = PLPR = 0 (2.34)

PLPL = PL, PRPR = PR.

Next we introduce the notation of left- and right-handed fermions:

fL = PLf =
11− γ5

2
f, fR = PRf =

11 + γ5

2
f, (2.35)

with the Dirac conjugates fR =
(

fL
)†
γ0 and fL =

(

fR
)†
γ0. To the charged currents

only the left-handed fermions contribute. The left-handed fermions can be combined into

doublets, one doublet for the leptons and one doublet for the quarks:

FL
l =

(

νL

eL

)

and FL
q =

(

uL

dL

)

. (2.36)

The charged currents (2.29) can then be cast in the explicit SU(2) form:

J+
µ = FL

l γµ
τ−
2
FL
l + FL

q γµ
τ−
2
FL
q , (2.37)

J−µ = FL
l γµ

τ+
2
FL
l + FL

q γµ
τ+
2
FL
q ,

where

τ+ =

(

0
√

2

0 0

)

, τ− =

(

0 0√
2 0

)

and τ3 =

(

1 0

0 −1

)

. (2.38)
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These matrices form a representation of the SU(2) algebra with the commutation relation:

[

τα, τβ
]

= 2iǫαβγτ
T
γ (2.39)

The structure constants ǫαβγ are completely antisymmetric in all three indices and ǫ+−3 =

−i.

So we see a SU(2) representation structure emerging for the charged currents of weak

interactions. From current algebra one also expects the existence of a neutral current J3
µ

which corresponds to the generator τ3:

J3
µ = F̄L

l γµ
τ3
2
FL
l + F̄L

q γµ
τ3
2
FL
q . (2.40)

(Since in Jµ3 only left-handed fermions occur, it is not possible to identify this current

with the electromagnetic current.) As in the case of electromagnetic interactions, also

the weak currents can be identified as conserved currents when acting with the following

functional SU(2)-generators

wα(x) = i
∑

δ=l,q

(

FL
δ (x)

τTα
2

δ

δFL
δ (x)

− δ

δFL
δ (x)

τTα
2
FL
δ (x)

)

(2.41)

on the massless Dirac action ΓbilDirac (2.5) with f = e, ν, u, d:

wα(x) ΓbilDirac
∣

∣

mf =0
= −∂µJαµ (x). (2.42)

Indeed we see that the bilinear action (2.5) is invariant under rigid SU(2) transformations

as long as all fermion masses vanish:

Wα ΓbilDirac
∣

∣

mf =0
= 0, Wα =

∫

d4xwα(x). (2.43)

The functional generators satisfy the local and global SU(2) algebra:

[

wα(x),wβ(y)
]

= δ4(x− y)εαβγ Ĩγγ′wγ′(x) (2.44)

[

Wα,Wβ

]

= εαβγ Ĩγγ′Wγ′ (2.45)

The charge conjugation matrix Ĩαα′

Ĩ =











0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 1











(2.46)

removes various transpositions from the formulae.
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2.2.4. SU(2)× U(1) gauge theory

Now we note the following remarkable fact: If one subtracts the electromagnetic charge

operator wem (2.15) from the third component of the weak isospin w3, one finds a gen-

erator, denoted by wQ
4 , which commutes with all SU(2) operators and consequently with

the charge operator:

[wα,w
Q
4 ] = 0 with wQ

4 = wem −w3 (2.47)

Therefore the symmetry operators wα and wQ
4 build a closed SU(2)× U(1) algebra and

imply current conservation of weak and electromagnetic currents, when applied to the

massless Dirac action:

(

wem −w3

)

ΓbilDirac
∣

∣

mf =0
= −∂µ(jemµ − J3

µ). (2.48)

(The electromagnetic current jemµ is defined in (2.18).) For the procedure of quantization

it is important to note that wQ
4 is not uniquely determined by the characterization that

it commutes with the SU(2) operators: any generator w4 is abelian with respect to wα

when it has the form:

w4(x) = i
Y l
W

2

(

FL
l (x)

δ

δFL
l (x)

− δ

δFL
l (x)

FL
l (x)

)

+ i
Y q
W

2

(

FL
q (x)

δ

δFL
q (x)

− δ

δFL
q (x)

FL
q (x)

)

+
∑

f

iQf

(

fR(x)
δ

δfR(x)
− δ

δfR(x)
fR(x)

)

(2.49)

with arbitrary values of Y l
W , Y q

W and Qf . (This means there are 5 linearly indepen-

dent abelian operators in w4.) Applying w4(x) to the massless Dirac equation all these

symmetry operators are connected with classically conserved currents. Since only the

electromagnetic symmetry is gauged, the parameters Y l
W , Y q

W and Qf are determined by

the relation (2.47), which is the functional form equivalent to the well-known Gell-Mann–

Nishijima relation:

Q =
YW
2

+ T3. (2.50)

From (2.47) one derives the following values for the weak hypercharge of leptons and

quarks

Y l
W = −1 Y q

W =
1

3
(2.51)

and identifies Qf with the electric charge of the respective fermions:

Qe = −1 Qu =
2

3
Qd = −1

3
. (2.52)
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Having constructed the relevant symmetry transformations we are able to proceed

as in the case of abelian gauge theories, when we want to construct the gauge theory

belonging to the conserved currents. We couple the currents J±µ , J3
µ and J4

µ ≡ jemµ − J3
µ

to the vector fields W µ
±, W µ

3 and W µ
4 and enlarge the free field action by these terms:

Γmatter = ΓbilDirac
∣

∣

mf =0
−
∫

d4x
(

g1J
4
µW

µ
4 − g2

(

J3
µW

µ
3 + J+

µW
µ
− + J−µW

µ
+

))

. (2.53)

Since the gauge group of the Standard Model is a direct product of two groups, the

couplings (g2 and g1) of SU(2) and U(1) are independent from each other. From the

SU(2) algebra of the functional operators (2.45) as well as from global invariance

WαΓmatter
!
= 0 (2.54)

it is derived that the wα’s have to be extended to include the vector bosons. If we now

indicate the w we had on the fermions explicitly by wfermion, we have now:

wα → wα ≡ wfermion
α + wvector

α (2.55)

with

wvector
α (x) = Iαα′W µ

β (x)εβγα′ Ĩγγ′
δ

δW µ
γ′(x)

and wvector
4 (x) = 0, (2.56)

where α = +,−, 3, 4. The structure constants εαβγ are defined as in (2.39) but with

εaβ4 = 0. The matrix Ĩ is defined in (2.46).

Since the SU(2) × U(1) algebra uniquely determines the abelian transformation of

vectors to vanish, it is possible to determine the charge of the vector bosons by looking

at

Wvector
em =Wvector

3 +Wvector
4 = −i

∫

d4x

(

W µ
+

δ

δW µ
+

−W µ
−

δ

δW µ
−

)

, (2.57)

thus W± has got charge ±1.

With the functional operators wα (2.55) gauge invariance of Γmatter (2.53) is expressed

in functional form by the identities:
(

wα +
1

g2
∂µĨαα′

δ

δW µ
α′

)

Γmatter = 0 α = +,−, 3 (2.58)

(

wQ
4 −

1

g1

∂µ
δ

δW µ
4

)

Γmatter = 0.

By introducing the covariant derivatives

DµF
L
δ =

(

∂µ − ig2
τα
2
Wαµ + ig1

Y δ
W

2
W4µ

)

FL
δ , δ = l, q, (2.59)

Dµf
R = (∂µ + ig1QfW4µ) f

R,
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the matter action of fermions can also be rewritten into the form:

Γmatter =

∫

d4x

(

∑

δ=l,q

FL
δ iγ

µDµF
L
δ +

∑

f

fRiγµDµf
R

)

. (2.60)

Finally we have to add kinetic terms for the gauge fields to the action in such a way

that the gauge invariance remains. The Yang-Mills action

ΓYM = −1

4

∫

d4x
(

Gµν
α Ĩαα′Gµνα′ + F µνFµν

)

(2.61)

with the abelian and non-abelian field strength tensors

F µν = ∂µW ν
4 − ∂νW µ

4 (2.62)

Gµν
α = ∂µW ν

α − ∂νW µ
α + g2Ĩαα′ǫα′βγW

µ
βW

ν
γ , α, β, γ = +,−, 3

is the properly normalized solution of the functional identities (2.58) with dimension 4.

The complete action containing massless vector bosons and massless fermions is the

sum of the matter and Yang-Mills action:

Γsym = ΓYM + Γmatter . (2.63)

In the same way as the electromagnetic action (2.25) is characterized by electromagnetic

gauge invariance (2.27), Γsym is characterized up to field and coupling redefinitions by the

functional identities of SU(2)× U(1) gauge symmetry

(

wα +
1

g2
Ĩαα′∂µ

δ

δW µ
α′

)

Γsym = 0 (2.64)

(

wQ
4 −

1

g1

∂µ
δ

δW µ
4

)

Γsym = 0. (2.65)

Here the operators wα are the sum of fermion and boson functional operators (2.55)

defined in (2.41) and (2.56). The abelian operator wQ
4 is defined by the relation (2.47)

and the electromagnetic charge operator includes fermions (2.15) and vector bosons (2.57):

wQ
4 = wem −w3 wem = wfermion

em + wvector
em (2.66)
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2.2.5. Higgs mechanism and masses

For deriving the SU(2)×U(1) gauge invariant action in the previous section we have

assumed that all fermions are massless. In reality the charged leptons as well as the up-

type and down-type quarks are massive, i.e. me, mu, md 6= 0. The Dirac action (2.5) in

terms of left- and right-handed fields (2.35) has the following form:

ΓbilDirac =

∫

d4x

(

∑

f

(f̄Li∂/fL + f̄Ri∂/fR) +
∑

f=e,u,d

mf(f̄Rf
L + f̄LfR)

)

(2.67)

Applying the SU(2) transformations (2.41) on the free field action for massive fermions

it is seen that the mass terms break the global SU(2) symmetry:

WαΓ
bil
Dirac = i∆α ≡ i

∫

d4xQα(x) (2.68)

where

∆+ =

∫

d4x
1√
2

(

mud̄Lu
R −mdd̄Ru

L −meēRν
L

)

(2.69)

∆− =

∫

d4x
1√
2

(

mdūLd
R −muūRd

L +meν̄Le
R

)

∆3 =

∫

d4x
1

2

(

mu(ūLu
R − ūRuL)−md(d̄Ld

R − d̄RdL)−me(ēLe
R − ēReL)

)

Electric charge invariance, of course, is not broken by the mass terms:

WemΓbilDirac = 0 =⇒ WQ
4 ΓbilDirac = −i∆3 (2.70)

For including fermion masses and vector boson masses in agreement with SU(2) × U(1)

gauge symmetry into the Standard Model, the symmetry is spontaneously broken to the

electromagnetic subgroup.

In these lectures we present a construction of spontaneous symmetry breaking which

is purely algebraic and can be compared to the Noether construction of gauge theories,

which we have carried out in the last sections. In contrast to the usual construction, which

is presented in the books on quantum field theory (see for example [Q3]), it does not start

from the symmetric theory, but from the bilinear massive Dirac action of free fermions.

Eventually, if one carries out the algebraic characterization of the classical action in the

course of algebraic renormalization (see section 4.3), the computation is equivalent to the

analysis and construction presented here.

18



First we couple the breaking of SU(2) transformations (2.69) to scalars φ± and χ in

such a way that the breaking terms can be expressed as field differentiations with respect

to these scalars:

ΓmassDirac → Γ̂massDirac ≡ ΓmassDirac −
2

v

∫

d4x
(

φ+Q− − φ−Q+ − iχQ3

)

. (2.71)

and
(

W± ∓ i
v

2

∫

d4x
δ

δφ∓

)

Γ̂massDirac

∣

∣

∣

∣

φ±=0
χ=0

= 0 (2.72)

(

W3 −
v

2

∫

d4x
δ

δχ

)

Γ̂massDirac

∣

∣

∣

∣

φ±=0
χ=0

= 0

Here ΓmassDirac denotes the mass term of the Dirac action:

ΓmassDirac =
∑

f=e,u,d

∫

d4xmf (f̄Rf
L + f̄LfR). (2.73)

We assign quantum numbers to the scalar fields in such a way that the enlarged action

Γ̂massDirac (2.71) is CP invariant, neutral with respect to electric charge and hermitian, i.e. the

fields φ± carry charge ±1 and transform under CP according to φ+ CP→ −φ− and φ−
CP→

−φ+, and the field χ is a neutral field which is CP-odd. (Global signs and normalization

in eq. (2.71) are chosen according to usual conventions.) It is seen that the transformation

operators appearing in (2.72) are not yet algebraically closed, the commutation relations

yield e.g.
[

W± ∓ i
v

2

∫

d4x
δ

δφ∓
,W3 −

v

2

∫

d4x
δ

δχ

]

= ±iW±, (2.74)

and on the right-hand-side the inhomogeneous contributions of the shift are missing. It is

also seen that Γ̂massDirac is not invariant under these transformations at φ±, χ 6= 0. For this

reason we have to enlarge the action as well as the transformation operators in such a

way that the action is invariant under the enlarged transformations and that the algebra

closes in presence of the inhomogeneous shifts.

For proceeding we note that the breaking terms Q±(x) and Q3(x) together with the

mass term Qm(x)

Qm =
1

2

∑

f=e,u,d

mf(f̄Rf
L + f̄LfR) (2.75)

can be arranged into a SU(2) doublet and its complex conjugate:

Wα

( −Q+
1√
2
(Qm +Q3)

)

= −iτ
T
α

2

( −Q+
1√
2
(Qm +Q3)

)

(2.76)

Wα

(

Q−
1√
2
(Qm −Q3)

)

= +i
τα
2

(

Q−
1√
2
(Qm −Q3)

)
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( −Q+
1√
2
(Qm +Q3)

)∗

=

(

Q−
1√
2
(Qm −Q3)

)

(2.77)

From (2.76) one reads off that one has to introduce a further CP even scalar field H , when

one wants to complete the enlarged mass action Γ̂massDirac in such a way, that it is invariant

under SU(2) transformations. The Yukawa action

ΓY uk ≡ ΓmassDirac −
2

v

∫

d4x
(

φ+Q− − φ−Q+ +HQm − iχQ3

)

(2.78)

= ΓmassDirac −
2

v

∫

d4x

(

(

Q−
1√
2
(Qm −Q3)

)T

·
(

φ+

1√
2
(H + iχ)

)

+

(

φ−

1√
2
(H − iχ)

)T

·
( −Q+

1√
2
(Qm +Q3)

)

)

continues Γ̂massDirac (2.71) in a minimal way to a SU(2) invariant action:

WαΓY uk = 0
[

Wα,Wβ

]

= ǫαβγ Ĩγγ′Wγ′ . (2.79)

The transformation operatorsWα consist of the fermion, the vector and the scalar trans-

formation operators. The latter ones are defined to include the shift which we have

introduced for absorbing the breaking terms of the masses (2.72) and in this way they are

uniquely determined by the construction:

Wα =Wfermion
α +Wvector

α +Wscalar
α (2.80)

with

Wscalar
± =

∫

d4x
(

Φ†(x)
iτ∓
2

δ

δΦ†(x)
− δ

δΦ(x)

iτ∓
2

Φ(x)∓ iv
2

δ

δφ∓

)

, (2.81)

Wscalar
3 =

∫

d4x
(

Φ†(x)
iτ3
2

δ

δΦ†(x)
− δ

δΦ(x)

iτ3
2

Φ(x)− v

2

δ

δχ

)

.

Here we have arranged the scalars into SU(2) doublets and have introduced the notation:

Φ ≡
(

φ+(x)
1√
2
(H(x) + iχ(x))

)

Φ∗ =

(

φ−(x)
1√
2
(H(x)− iχ(x))

)

.

With Φ̃ = iτ2Φ
∗ it is straightforward to calculate that the Yukawa action (2.78) can be

written in the conventional form

ΓY uk =−
∫

d4x
∑

f=e,u,d

mf (f̄
RfL + f̄LfR) (2.82)

−
√

2

v

∫

d4x
(

meF̄
L
l ΦeR +mdF̄

L
q ΦdR +muF̄

L
q Φ̃uR + h.c.

)

=−
√

2

v

∫

d4x
(

meF̄
L
l (Φ + v)eR +mdF̄

L
q (Φ + v)dR +muF̄

L
q (Φ̃ + iτ2v)uR + h.c.

)

.

20



Here v denotes the shift in vector notation:

v =

(

0

v/
√

2

)

(2.83)

The Yukawa interaction is invariant not only under spontaneously broken global

SU(2)× U(1) transformations, but even under the local ones:

(

wα +
1

g2
∂ν Ĩαα′

δ

δW ν
α′

)

ΓY uk = 0, α = +,−, 3, (2.84)

(

wQ
4 −

1

g1

∂ν
δ

δW ν
4

)

ΓY uk = 0. (2.85)

The operators wα are the non-integrated version of (2.80):

Wα ≡
∫

d4xwα(x) =

∫

d4x
(

wfermion
α (x) + wvector

α (x) + wscalar
α (x)

)

(2.86)

with

wscalar
α (x) =

(

Φ(x) + v
)† iτTα

2

δ

δΦ†(x)
− δ

δΦ(x)

iτTα
2

(

Φ(x) + v
)

. (2.87)

The abelian operator wQ
4 is defined by eq. (2.47) wQ

4 = wem−w3 and the electromagnetic

operator includes also the charged scalars (see (A.49)). Explicitly we find

wQscalar
4 (x) =

(

Φ(x) + v
)†Y s

W i

2

δ

δΦ†(x)
− δ

δΦ(x)

Y s
W i

2

(

Φ(x) + v
)

(2.88)

with

Y s
W = 1. (2.89)

Since the symmetric action (2.63) does not depend on scalars it is trivially invariant also

with respect to the spontaneously broken SU(2)×U(1) gauge transformations (2.64) with

the enlarged local operators (2.86).

Looking for the most general, local action invariant under the local spontaneously bro-

ken gauge transformations (2.84) with mass dimension less or equal 4 we find in addition

the kinetic and potential terms of the scalars:

Γscalar = Γkin scalar + Γpot scalar. (2.90)

They read in the conventional normalization:

Γpot scalar = −
∫

d4xλ(Φ†Φ + v†Φ + Φ†v)2, (2.91)

Γkin scalar = −
∫

d4x
(

Dµ(Φ + v)
)†
Dµ(Φ + v) (2.92)
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with the covariant derivative

DµΦ =
(

∂µ − i(g2
τα
2
Wµα − g1

1

2
Wµ4)

)

Φ. (2.93)

(We have already omitted the invariant, which is linear in the Higgs field, Φ†Φ+v†Φ+Φ†v,

from the action.)

The bilinear term of the potential gives the mass term for the scalars, i.e.

−λ(Φ†v + v†Φ)2 = −λ
2
v2(H − iχ+H + iχ)2 = −1

2
4λv2H2. (2.94)

So only the real, CP-even scalar H gets a mass m2
H = 4λv2, the scalars χ and φ± are

massless.

We have seen that the fermion masses are generated by Yukawa couplings to the Higgs

doublets and the Higgs mass arises from the scalar potential. Eventually also gauge bosons

get mass via the covariant derivative of the scalars. Evaluating (2.92) one gets for the

gauge boson masses:

(

Dµ(v)
)†
Dµ(v) =

g2
2v

2

4
W µ

+Wµ− +
1

2

v2

4
(g2W

µ
3 + g1W

µ
4 )2. (2.95)

Since the mass terms are non-diagonal in the vector fields, the fields W µ
α are not the

physical fields. Physical on-shell fields are constructed, if one rotates the fields W µ
3 , W µ

4

by an orthogonal matrix Oαa(θW ) over an angle tan θW = g1
g2

:

W µ
α = Oαa(θW )V µ

a with Oαa(θW ) =











1 0 0 0

0 1 0 0

0 0 cos θW − sin θW

0 0 sin θW cos θW











. (2.96)

Then the mass term is diagonalized,

g2
2v

2

4
W µ

+Wµ− +
1

2

v2

4
(g2W

µ
3 + g1W

µ
4 )2 = M2

WW
µ
+Wµ− +

1

2
M2

ZZ
µZµ, (2.97)

and the masses are determined to

MW =
g2v

2
, MZ =

g2v

2 cos θW
and MA = 0. (2.98)

It is important to note that the kinetic terms of the vector bosons remain diagonal after

an orthogonal rotation. From now on we denote with Va = (W+,W−, Z, A) the physical

on-shell vector fields of the Standard Model.

At this stage a few remarks on notation should be made. With the indices α, β, . . .

we denote the SU(2) × U(1)-indices: +,−, 3, 4. On the other hand the indices a, b, . . .

refer to the indices of the physical fields in the theory: +,−, Z, A.
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Having given masses to the vectors the massless Goldstone bosons φ±, χ become un-

physical fields. This can be understood qualitatively as follows: A massless vector boson

has only 2 transverse polarizations. A massive vector boson has one more, the longitudi-

nal polarization. Before the symmetry breaking there were 4 vector bosons, each with 2

degrees of freedom and one Higgs doublet with 4 degrees of freedom. After the symmetry

breaking there is left one scalar, the Higgs boson. The other three degrees of freedom of

the scalar doublet make the longitudinal polarization of the vector bosons physical. So the

total number of physical degrees of freedom has not changed. Figuratively one says that

the Goldstone bosons (φ±, χ) are eaten up by the vector bosons for giving them masses.

These results are obvious in the unitary gauge, whose lowest component we construct in

exercise 5.

The full classical action is combined from the single invariant 4-dimensional actions

(2.60)(2.61) (2.82) and (2.90) and is called the Glashow-Salam-Weinberg model:

ΓGSW = ΓYM + Γmatter + Γscalar + ΓY uk. (2.99)

This action is uniquely determined up to field and parameter redefinitions by sponta-

neously broken SU(2)× U(1) gauge transformations:

(

wα +
1

g2

∂µĨαα′

δ

δW µ
α′

)

ΓGSW = 0 (2.100)

(

wQ
4 −

1

g1
∂µ

δ

δW µ
4

)

ΓGSW = 0. (2.101)

The local operators are defined in (2.86) as the sum of fermion, vector and (shifted) scalar

operators.

By now a lot of parameters are introduced. But not all of these are independent for

there were a couple of relations between them. So one question which one should ask, is

which of these are taken to be fundamental. This fundamental set should be applicable

in any order of perturbation theory and should also characterize the particle properties

of the model. It is therefore natural to take physical on-shell parameters as fundamental.

The free parameters we choose are

MW ,MZ , mf , mH and g2 (2.102)

and the vectors are expressed in physical on-shell fields V µ
a . The weak mixing angle θW

is not taken to be fundamental, but is defined by the relation [21]:

cos θW =
MW

MZ

. (2.103)
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As an illustration let us calculate the interaction of the photon to the electromagnetic

current: If we apply the orthogonal rotation Oαa(θW ) to the interaction of the gauge fields

with the currents Γmatter (2.60), we get:

−g2(J
+
µW

µ
− + J−µW

µ
+ + J3

µW
µ
3 )− g1J

4
µW

µ
4 = (2.104)

−g2

(

J−µW
µ
+ + J+

µW
µ
− +

1

cos θW
(J3
µ + sin2 θW j

em
µ )Zµ

)

− g2 sin θW j
µ
emA

µ.

It is seen in an explicit form that the electromagnetic current couples to the massless vector

boson Aµ which is identified by this property as the photon field. The same conclusion

is derived by transforming the unphysical fields W µ
3 and W µ

4 into the physical on-shell

fields Zµ and Aµ in the functional operators of gauge transformations. There one reads

off as well, that the photon couples to the electromagnetic current and is the massless

field corresponding to the unbroken subgroup:
(

g2 sin θWwem − ∂µ
δ

δAµ

)

ΓGSW = 0. (2.105)

For this reason we introduce the electromagnetic coupling constant e = g2 sin θW as fun-

damental coupling of the electroweak Standard Model. The QED-like on-shell parameters

are then given by

MW ,MZ , mf , mH and e (2.106)

(For fixing the coupling e to its experimental value a physical process has to be chosen,

as it is for example Compton scattering at low energies or Bhabha scattering at LEP

energies.)

The on-shell parameters have been used by several groups as fundamental parameters

for calculating higher order processes in perturbation theory [22, 23, 21, 24, 25, 26, 27,

28, 29]. We want to mention already here, that in higher orders it is crucial for infrared

existence of Green’s functions to choose a parameterization, which ensures that the photon

propagator has a pole at p2 = 0. Unfortunately it turns out that the QED-Ward identity

corresponding to the functional identity (2.105) cannot be proven in perturbation theory.

So the photon will be characterized by the property of being the massless vector boson,

and not by its property of coupling to the electromagnetic current.

2.2.6. Other (global) symmetries

In the previous section we have looked at the consequence of the local SU(2)× U(1)

gauge invariance. We have built a phenomenologically acceptable model around this

symmetry. It turns out that this model also has some extra global symmetries.
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The un-quantized Standard Model action (2.99) is invariant under the combined trans-

formation CP and under T. Parity is broken in the fermion sector, since only left-handed

fermions contribute to the charged currents. (C denotes charge conjugation, P the parity

reflection and T time reversal.) We should stress here that this not true in the Glashow-

Salam-Weinberg model with three generations of fermions. In its most general form

mixing between three families leads to CP violation via the Cabibbo-Kobayashi-Maskawa

matrix. In that case the model is only invariant under the combined transformation CPT.

Two other symmetries of ΓGSW are conservation of lepton and baryon numbers. For

one generation the corresponding symmetry operators are

Wl = i

∫

d4x
(

ē
δ

δē
+ ν̄L

δ

δν̄L
− δ

δe
e− δ

δνL
νL
)

, (2.107)

Wq = i

∫

d4x
(

ū
δ

δū
+ d̄

δ

δd̄
− δ

δu
u− δ

δd
d
)

. (2.108)

These operators are abelian operators and are included in the abelian operators we have

found in generality in (2.49). These symmetries are not gauged in the Standard Model,

but are global symmetries in the classical theory,

WlΓGSW = 0 and WqΓGSW = 0, (2.109)

and in higher orders of perturbation theory. (Of course in principle these symmetries can

also be made local in the classical theory, but then one needs extra U(1) gauge fields as we

demonstrate in exercise 7. In nature they are not observed, thus in the Standard Model

the lepton and baryon numbers are globally conserved quantum numbers.)
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3. Gauge fixing and BRS transformations

3.1. Free field propagators and gauge fixing

In the previous section we presented the SU(2)×U(1) gauge structure of the Glashow-

Salam-Weinberg model. This section is devoted to the quantization of the theory in per-

turbation theory and in particular to the definition of the action in the tree approximation.

First we want to review how the perturbative expansion of time ordered Green’s functions

is constructed (see e.g. [Q1] – [ Q5]).

The basic formula for the perturbative construction is the Gell-Mann–Low formula,

which relates time ordered expectation values of interacting fields ϕk to time ordered

expectation values of free field ϕ
(0)
k :

〈Tϕi1(x1) · · ·ϕin(xn)〉 = R〈Tϕ(0)
i1

(x1) · · ·ϕ(0)
in

(xn)e
iΓint(ϕ

(0)
k

)〉. (3.1)

Γint includes all the interaction polynomials appearing in the model, and is obtained by

splitting off from the classical action the bilinear part:

Γcl = Γbil + Γint (3.2)

After having expanded the exponential function in its Taylor series, the vacuum expecta-

tion values of free fields are decomposed into a sum of products of free field propagators

and certain vertex factors according to Wick’s theorem. The combinatoric and vertex

factors are summarized in the Feynman rules. However, due to the well-known ultravio-

let divergencies of the formal perturbative expansion the Gell-Mann–Low formula is not

meaningful in higher loop orders of perturbation theory and has to be rendered meaning-

ful in the course of renormalization. (This is the sense of R in eq. (3.1).) Let us now have

a closer look to the free field propagators of the various particles.

The free scalar field obeys the Klein-Gordon equation:

(2 +m2)ϕ = 0. (3.3)

The time ordered expectation value of the free scalar field is given by the solution of the

inhomogeneous equation:

(2 +m2)∆ϕϕ(x− y) = iδ4(x− y). (3.4)
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The solutions of such equations are the causal Green’s functions, which are called the free

field propagators

∆ϕϕ(x) = = 〈Tϕ(0)(x)ϕ(0)(0)〉 =

∫

d4k

(2π)4
e−ikx

i

k2 −m2 + iǫ
. (3.5)

(Here we have also given the Feynman diagram corresponding to the propagator.) For

fermions the free field propagators are calculated similarly by solving the inhomogeneous

Dirac equation:

(iγµ∂µ −m)∆ψψ̄(x− y) = iδ4(x− y). (3.6)

From (3.6) the fermion propagator is determined:

∆ψψ̄(x) = = 〈Tψ(0)(x)ψ̄(0)(0)〉 =

∫

d4k

(2π)4
e−ikx

i(γµkµ +m)

k2 −m2 + iǫ
. (3.7)

In general, also in the case of several particles with non-diagonal bilinear parts, one can

calculate the free field propagators in the following way:

∑

γ

∫

d4z Γ(0)
ϕαϕγ

(x, z)∆ϕγϕβ
(z, y) = iδαβδ

4(x− y). (3.8)

Here ∆ϕαϕβ
(x, y) = 〈Tϕ(0)

α (x)ϕ
(0)
β (y)〉 and Γ

(0)
ϕαϕb(x, y) is derived from the bilinear part of

the classical action (3.2):

Γ(0)
ϕαϕb

(x, y) =
δ2Γbil

δϕα(x)δϕβ(y)
. (3.9)

If we try to apply the formula (3.8) for determining the photon propagator of the

electromagnetic action (2.25), we get into trouble. The equations of motion for a free

photon are given by

∂µFµν = (ηµν2− ∂µ∂ν)Aν = 0 (3.10)

and the respective inhomogeneous equations by

(ηµν2− ∂µ∂ν)∆νρ = iδ4(x− y)δµρ . (3.11)

Since the operator which acts on Aµ is not invertible, the naive way of calculating the

propagator does not work. The reason can be found in gauge invariance of the theory,

which brings about, that the vector field Aµ is determined up to a gauge freedom by

the classical equations of motion. In perturbation theory one usually adds a gauge-fixing

action to the gauge invariant action:

ΓQEDcl = Γem −
1

2ξ

∫

d4x(∂µAµ)
2, (3.12)
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with ξ, the gauge parameter. In this way it is possible to fix the gauge and to maintain

at the same time Lorentz invariance and locality of the action. The propagator of the

vector field is determined from (3.12) as solution of the inhomogeneous equations

(

ηµν∂2 − ∂µ∂ν +
1

ξ
∂µ∂ν

)

∆νρ(x− y) = iδ4(x− y)δµρ . (3.13)

It is given by

∆µν(x− y) =

∫

d4k

(2π)4
e−ikx

−i
k2 + iǫ

(

P T
µν + ξPL

µν

)

, (3.14)

PL and P T are the projectors for longitudinal and transverse polarization:

PL
µν =

kµkν
k2

and P T
µν = ηµν −

kµkν
k2

. (3.15)

The complete action of QED (3.12) is not invariant under gauge transformations, but

gauge invariance is broken by the gauge-fixing action linearly

(

ewem − ∂µ
δ

δAµ

)

ΓQEDcl = −1

ξ
2∂A. (3.16)

In fact one has introduced an unphysical scalar ∂A with spin 0 and negative norm into the

theory. For making QED meaningful one has to prove that the S-matrix constructed from

the action (3.12) indeed describes a physical theory with a spin 1 particle and that the

resulting theory has a probability interpretation in the sense of quantum theory. In QED

one is finally able to show that ∂A does not contribute to physical scattering processes

and that the physical S-matrix indeed has positivity properties (see [Q4,R5]). The proof

is based on the QED Ward identity

(

ewem − ∂µ
δ

δAµ

)

Γ = −1

ξ
(2 + ξm2

ph)∂A. (3.17)

This identity has to be proven for the Green’s function of QED to all orders of perturbation

in the course of renormalization. In our notations Γ denotes the generating functional

of one-particle-irreducible (1PI) Green’s functions. Its lowest order coincides with the

classical action

Γ(0) = ΓQEDcl . (3.18)

(For infrared definiteness we have introduced a photon mass term mph in addition, which

breaks abelian gauge invariance not worse than the gauge fixing.) The final proof is then

carried out by Legendre transforming the 1PI Green’s functions to connected Green’s
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functions and finally by applying the LSZ reduction formula (see [Q2,Q3]) on the Ward

identity. Then the operator identity

1

ξ
(2 + ξm2

ph)∂A
op = 0 (3.19)

is deduced, i.e. ∂Aop satisfies the Klein-Gordon equation and does not interact. For the

purpose of these lectures we only want to indicate how this result appears for the classical

theory: Therefore we consider the Ward identity of QED (3.17) for the classical action

Γcl. When we use the equations of motion for fermions and the vector bosons, the left-

hand-side vanishes and we are left with the free field equation for the scalar part of the

vector field

1

ξ
(2 + ξm2

ph)∂A = 0. (3.20)

This equation proves that ∂A does not interact in the classical theory.

In non-abelian gauge theories one fixes the gauge for the vectors as we have done it

in QED and one gets the same expression for the free field propagators. But in contrast

to QED a Ward identity as (3.17) does not exist, which would allow to draw conclusions

for the physical interpretation. This role is taken over by BRS symmetry and by the

Slavnov-Taylor identity. For this reason these symmetries are the basis for the definition

of the non-abelian gauge theories in renormalized perturbation theory.

3.2. Gauge fixing in the Standard Model

For the massive vector bosons it is possible to determine the propagators without the

difficulty described above. So in the unitary gauge the W propagator is given by:

〈TW µ
+(x)W ν

−(0)〉 =

∫

d4k

(2π)4
e−ikx

−i
k2 −M2

W

(

ηµν − kµkν

M2
W

)

. (3.21)

(That (3.21) is a gauge choice will become clear below, as well as why it is called unitary.)

However this propagator does not allow for naive power counting arguments of renormaliz-

ability to go through, since it behaves as a constant for asymptotically large momenta, i.e.

when k2 → −∞. If we want to apply the arguments of power counting renormalizability,

the boson propagators have to behave as 1/k2 for asymptotic k2. One-loop calculations

within the Standard Model in the unitary gauge [26] have been carried out, but it is hard

to see how these calculations are extended to higher orders. In order to have renormal-

izability by power counting one has to fix the gauge similarly as in QED by adding the
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gauge fixing part. For the purpose of algebraic renormalization we choose a (linearized)

generalization of the usual Rξ-gauges [30] and couple the gauge-fixing functions to the

auxiliary field Ba, a = +,−, Z, A

Γ
(B,ξ)
g.f. =

∫

d4x

(

ξWB+B− +
1

2
ξZB

2
Z +

1

2
ξAB

2
A +BaĨaa′Fa′

)

, (3.22)

The gauge-fixing functions of the Rξ-gauges fix the scalar part of vectors and introduce

mass terms for the would-be Goldstone fields φ± and χ

F± ≡ ∂µW
µ
± ∓ iMW ζWφ±,

FZ ≡ ∂µZ
µ −MZζZχ, (3.23)

FA ≡ ∂µA
µ.

Various choices of the parameters ξa, ζa have special names: the Landau gauge has ξW =

ξZ = ξA = 0 and ζW = ζZ = 0, the ’t Hooft gauges have ξZ = ζZ , ξW = ζW and the ’t

Hooft-Feynman gauge has in addition ξW = ξZ = ξA = 1. (The unitary gauge is retrieved

in the limit ζW = ξ2
W →∞ and ζZ = ξ2

Z →∞.) The Ba-fields can be eliminated from the

action fields by their equations of motion and in this way one comes back to the usual

Rξ-gauges:

δΓ

δBa

= 0 =⇒ Γξg.f. =

∫

d4x

(

− 1

ξW
F+F− −

1

2ξZ
F 2
Z −

1

2ξA
F 2
A

)

. (3.24)

On a first sight the gauge-fixing with Ba-fields seems to be less practical than the Rξ-

gauges, since one introduces extra non-diagonal propagators, like 〈TB±(x)W∓(y)〉, into

the theory. But, as we discuss in section 3.3, in this formulation BRS transformations

are nilpotent on all fields and the algebraic method is applied much easier as it is in the

naive approach. One has already to note at this stage, that in the linear (B, ξ) gauges

the gauge fixing part of the action does not get loop corrections and remains a local field

polynomial as in the tree approximation. This observation is simply deduced from the

observation that there are no interaction vertices of the Ba-fields with other propagating

fields.

All the propagators now behave such that naive power counting is possible. In the
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’t Hooft gauges (ξW = ζW ) one finds for example:

〈TB+(x)W µ
−(0)〉 =

∫

d4p

(2π)4
e−ipx

−pµ
p2 − ξWM2

W

,

〈TB+(x)φ−(0)〉 =

∫

d4p

(2π)4
e−ipx

−MW

p2 − ξWM2
W

,

〈TW µ
+(x)W ν

−(0)〉 =

∫

d4p

(2π)4
e−ipx

(

P µν
T

−i
p2 −M2

W

+ P µν
L

−iξW
p2 − ξWM2

W

)

,

〈Tφ+(x)φ−(0)〉 =

∫

d4p

(2π)4
e−ipx

i

p2 − ξWM2
W

.

(A complete list of the free field propagators of the Standard Model in a general linear

gauge can be found in [31].)

In section 2 we have constructed the SU(2)×U(1) gauge invariant part of the action

of the electroweak Standard Model. We have to look how the gauge symmetries (2.100)

act on the gauge-fixing part of the action (3.22). In the Ba-gauges we have to extend

the symmetry transformations by the contributions of the auxiliary fields in a way that
∫

d4xBaĨab∂Vb is invariant under rigid transformations:

Wα

∫

d4xBaĨab∂Vb = 0 Wem

∫

d4xBaĨab∂Vb = 0. (3.25)

By this requirement the transformation behaviour of Ba-fields is uniquely determined:

WB
α = Ĩαα′

∫

d4xBbO
T
bβ(θW )ǫβγα′Oγc(θW )Ĩcc′

δ

δBc′
, α = +,−, 3; (3.26)

WB
em = −i

∫

d4x

(

B+
δ

δB+
− B−

δ

δB−

)

. (3.27)

The matrix Oαa(θW ) is defined in (2.96) and ǫαβγ as in (2.39). The abelian (hypercharge)

operator is defined according to (2.47) by wQ
4 = wem−w3. It is seen that the rigid as well

as the gauge symmetries are broken by the gauge fixing. To be precise, the rigid SU(2)

symmetries are broken,

WαΓ
(B,ξ)
g.f. = ∆g.f.

α , (3.28)

but electric charge is conserved,

WemΓ
(B,ξ)
g.f. = 0. (3.29)

However, electromagnetic gauge symmetry is broken by a non-linear expression,

(

ewem − ∂
δ

δA

)

Γ
(B,ξ)
g.f. = 2BA − i∂µ(B+W

µ
− − B−W µ

+), (3.30)
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which reads in the Rξ-gauges (3.24)

(

ewem − ∂
δ

δA

)

Γξg.f. = −
1

ξA
2∂A +

i

ξW
∂µ

(

(∂W+ − iMW ζWφ
+)W µ

− − h.c.
)

. (3.31)

From the last expression it is immediately clear that the situation is dramatically changed

compared to pure QED (cf. (3.16)). In the case of QED we have derived from the QED

Ward identity that ∂A is a free field in the classical theory (cf. the derivation of eq. (3.20)).

The same arguments applied to eq. (3.31) show, that ∂A interacts with W+ and W−

and will therefore indeed contribute to physical scattering processes. To cancel these

contributions in the physical scattering matrix additional fields, the Faddeev-Popov ghost

fields [32], have to be introduced into the theory and gauge symmetry has to be replaced

by BRS symmetry [12, 14]. This is the topic of the following subsection 3.3.

Another complication of the gauge fixing in spontaneously broken theories and in

particular in the Standard Model is that it does not even maintain rigid SU(2) × U(1)

symmetry. Instead the gauge-fixing action and the gauge parameters (3.22) have been

chosen as though they have been built around several U(1) factors. In order not to

spoil the group structure of global SU(2)× U(1) symmetry, the following choices for the

gauge-fixing parameters are made:

ξA = ξW = ξZ = ξ and ζW = ζZ = ζ. (3.32)

Then the 4-dimensional terms of the gauge fixing are invariants

Wα

∫

d4x

(

ξ

2
BaĨabBb +BaĨab∂Vb

)

= 0, (3.33)

whereas the 3-dimensional ones are seen to transform in the same covariant way as the

fermion mass terms under SU(2) × U(1) transformations. The mass breakings of the

gauge fixing cannot be coupled to the scalar doublet, since the corresponding expression

vanishes identically, but we are able to couple it to an external scalar doublet Φ̂ and its

hermitian conjugate:

Φ̂ =

(

φ̂+

1√
2
(Ĥ + iχ̂)

)

, Φ̂† =

(

φ̂−

1√
2
(Ĥ − iχ̂)

)

. (3.34)

It is transformed in the same way as the scalar doublet Φ under rigid SU(2)× U(1) (see

(2.87)), only the shift can be chosen differently in including the gauge parameter ζ of

3-dimensional breakings:

WΦ̂
α =

∫

d4x
(

(

Φ̂ + ζv
)† iτTα

2

δ

δΦ̂†
− δ

δΦ̂

iτTα
2

(

Φ̂ + ζv
)

)

. (3.35)
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algebraically this construction is similar to the one that was applied when we did introduce

the scalar doublet and spontaneous breaking of the symmetric gauge theory in section

2.2.5. However, since the construction here is done for a non-propagating scalar doublet,

Φ̂ does not have a physical interpretation.

The gauge-fixing functions including the external fields read now:

Fa → Fa = ∂Va − i
e

sin θW

(

(Φ̂ + ζv)†
τTa (Ĝ)

2
(Φ + v)− (Φ + v)†

τTa (Ĝ)

2
(Φ̂ + ζv)

)

.

Here we have introduced the following notations:

τZ(G) = cos θW τ3 +G sin θW1,

τA(G) = − sin θW τ3 +G cos θW1. (3.36)

When we choose the parameter Ĝ

Ĝ = − sin θW
cos θW

, (3.37)

we recover the gauge-fixing functions (3.23) with ζW = ζZ = ζ . Explicitly, with this choice

the gauge-fixing action at Φ̂ = 0 reads:
∫

d4x
(1

2
ξBaĨabBb +BaĨabFb

)∣

∣

∣

Φ̂=0
Ĝ=− tan θW

(3.38)

=

∫

d4x
(1

2
ξBaĨabBb +BaĨab∂Vb + iζMW (B+φ− − B−φ+)− ζMZBAχ

)

.

The gauge fixing (3.38) is indeed a special gauge choice and has to be replaced by the most

general one, compatible with rigid symmetry, in higher orders of perturbation theory:

Γg.f. =

∫

d4x

(

1

2
ξBaĨabBb +BaĨabFb(Ĝ, ζ) +

1

2
ξ̂(sin θWBZ + cos θWBA)2

)

. (3.39)

Here the four parameters ξ, ξ̂, G and ζ are independent parameters of the gauge fixing.

Γg.f. (3.39) is characterized by being linear in the propagating fields, by CP invariance

and by rigid invariance,

WαΓg.f. = 0. (3.40)

The operator of rigid SU(2) transformations is now given by the sum of all field transfor-

mations introduced by now (cf. (2.56), (2.41), (2.87), (3.26) and (3.35))

Wα =Wfermion
α +Wscalar

α +Wvector
α +WB

α +WΦ̂
α (3.41)
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3.3. BRS symmetry and Faddeev-Popov ghosts

In the previous subsection we have shown that the gauge fixing breaks local gauge

symmetry non-linearly and we have argued that as a consequence of the broken gauge

Ward identity the unphysical part of the vector bosons interacts and contributes to the

physical scattering matrix in the tree approximation (cf. (3.31)). In order to cancel these

interactions in the scattering matrix further fields, the Faddeev-Popov ghosts, are needed.

The conventional way for introducing Faddeev-Popov fields into gauge theories does not

start from unitarity arguments but from the path integral formulation of quantum field

theory: To implement the gauge fixing program in path integrals one needs a compensating

determinant. This determinant can be rewritten in the form a path integral over a set

of anti-commuting scalar fields. Since these scalar fields have the wrong statistics (they

should have been bosons instead of fermions) they are not physical and therefore called

ghosts [32].

A third way of introducing Faddeev-Popov ghosts in the theory is provided by the

algebraic method of BRS quantization. Since this method is close to the algebraic charac-

terization of renormalized perturbation theory, we want to discuss it in the following: In

a first step one considers BRS transformations as an alternative way to characterize the

Lie algebra of the gauge group and replaces the infinitesimal parameters of gauge trans-

formation ǫα(x) by anti-commuting scalars cα(x). With this substitution the infinitesimal

transformations on the fermion, scalars and vectors are become BRS transformations

denoted by sϕ:

sVµa = ∂µca +
e

sin θW
Ĩaa′fa′bcVµbcc,

sΦ = i
e

sin θW

τa(Gs)

2
(Φ + v)ca, (3.42)

sFL
δ = i

e

sin θW

τa(Gδ)

2
FL
δi
ca with δ = l, q

sfRi = −ieQf

sin θW
cos θW

fRi cZ − ieQff
R
i cA

Here we have transformed the fields cα, α = +,−, 3, 4 into physical fields by the orthogonal

transformation matrix Oαa(θW ) (2.96),

cα = Oαa(θW )ca, (3.43)

and have given the transformations in the physical on-shell fields and in the QED-like

parameterization (2.106). The structure constants are defined by

fabc = ǫαβγOαa(θW )Oβb(θW )Oγc(θW ). (3.44)
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The matrices τa(G) are given in (3.36) and satisfy the algebra:

[

τa(G), τb(G)
]

= fabcĨcc′τc′(G). (3.45)

The parameters Gk are related to the weak hypercharge of the respective SU(2)-doublets.

Gk = − sin θW
cos θW

Y k
W with Y k

W =



















1 for the scalar doublet (k = s),

−1 for the lepton doublet (k = l),

1
3

for the quark doublet (k = q).

(3.46)

Since the action ΓGSW is gauge invariant, it is is invariant under BRS transformations

by construction

sΓGSW = 0. (3.47)

The Lie algebra of functional generators is translated into the nilpotency of the BRS

operator s

s2 = 0. (3.48)

It includes the commutation relations as well as the Jacobi identities. For illustration we

calculate the BRS transformations of ghosts by requiring nilpotency of the BRS operator

when acting on the fermion doublets:

0 = s2FL = s(caδaF
L) (3.49)

= scaδaF
L + cbcaδbδaF

L

= (sca +
1

2
fbda′cbcdĨaa′)δaF

L

From the last line one derives:

sca = −1

2
Ĩaa′fa′bccbcc. (3.50)

In (3.49) δa denote the infinitesimal SU(2)×U(1) transformations transformed to physical

field indices by applying the orthogonal rotation matrix Oαa(θW ). The obey the algebra

[δa, δb] = fabcĨcc′δc′ (3.51)

The second and crucial step of the construction is the observation that one is able to

complete the gauge-fixing action in such a way that it is BRS invariant. We have shown

in the previous subsection that on the gauge-fixing action gauge invariance is broken by

35



non-linear field polynomials (3.31). But introducing the anti-ghosts c̄a and their BRS

transformations

sc̄a = Ba and sBa = 0 with s2 = 0, (3.52)

it is possible to enlarge the gauge fixing action by a ghost action in such a way that the

sum is invariant under BRS transformations:

s
(

Γg.f. + Γghost

)

= 0. (3.53)

If one writes for the ghost action Γghost =
∫

d4xc̄aXa one finds according to (3.53):

0 =

∫

d4x
(

BaĨaa′sFa′ +BaXa − c̄asXa

)

. (3.54)

By identifying Xa = −Ĩaa′sFa′ and noting that then sXa = 0 because of nilpotency, the

ghost action is uniquely determined to:

Γghost = −
∫

d4xc̄aĨaa′sFa′ . (3.55)

One has to note that in the Ba-gauges the gauge-fixing and ghost action is a BRS variation,

Γg.f. + Γghost = s

∫

d4xc̄a(
ξ

2
Ba + Fa), (3.56)

and BRS invariant because of nilpotency of the BRS operator s. Finally we have to assign

a BRS transformation to the external scalar doublet Φ̂. Since it couples to a BRS variation

it is possible to transform the external scalar doublet into a scalar external ghost doublet

q with Faddeev-Popov charge 1:

sΦ̂ = q sq = 0. (3.57)

The ghost action contains kinetic and mass terms for the fields. With the gauge choice

(3.37) they read

Γbil.ghost = −
∫

d4x
(

c̄a2Ĩabcb + ζM2
W (c̄+c− + c̄−c+) + ζM2

Z c̄ZcZ

)

. (3.58)

For this reason they have to be considered as dynamical fields with the following free field

propagators:

〈Tc+(x)c̄−(0)〉 =

∫

d4k

(2π)4
e−ikx

i

k2 − ζM2
W

,

〈TcZ(x)c̄Z(0)〉 =

∫

d4k

(2π)4
e−ikx

i

k2 − ζM2
Z

, (3.59)

〈T c̄A(x)c̄A(0)〉 =

∫

d4k

(2π)4
e−ikx

i

k2
.
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We want to note, that for the general gauge fixing there appear non-diagonal ghost prop-

agators in the bilinear action. To diagonalize the ghost mass matrix one has to introduce

in the BRS transformation of ghosts an additional ghost matrix which allows the diago-

nalization of the ghost mass matrix (for details see [16, 31] and Appendix A):

sc̄a = Bbĝba. (3.60)

For higher order loop calculations this observation is crucial for obtaining infrared finite

results for off-shell Green’s functions.

3.4. The defining symmetry transformations

The classical action of the electroweak Standard Model is given by:

Γcl = ΓGSW + Γg.f. + Γghost. (3.61)

It is the starting point for the perturbative calculation of Green’s functions and deter-

mines via the Gell-Mann–Low formula and the free field propagators the tree approxi-

mation completely. Higher orders are, however, subject of renormalization and have to

be properly defined. For this reason we want to summarize the symmetry properties of

the classical action. In the course of renormalization we have to show that these sym-

metry transformations determine the classical action uniquely, if one poses appropriate

normalization conditions.

Due to the fact that gauge invariance is non-linearly broken by the gauge fixing we

have to replace gauge invariance by invariance with respect to the nilpotent BRS trans-

formations:

sΓcl = 0, s2 = 0. (3.62)

If we want to write BRS transformations in functional form we face the problem of non-

linear symmetry transformations. These symmetry transformation become insertions1,

the classical action as the lowest order of the generating functional of 1PI Green’s func-

tions. To make them well-defined for ordinary as well as connected Green’s functions, non-

linear symmetry transformations have to be coupled to external fields ρα, σα, Y,Ψ
R
l ,Ψ

R
q

1For an introduction to insertions and normal products see the reviews and books on renormalization

[R2] – [R7]; see also section 4.2 of these lectures.
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and ψLf (see Appendix A for notations):

Γext.f. =

∫

d4x
(

ρ3O3a(θW )sWa + σ3O3a(θW )sca + ρ+sW− + ρ−sW+ (3.63)

+ σ+sc− + σ−sc+ + Y †sΦ + (sΦ)†Y

+
(

ΨR
l sFL

l + ΨR
q sFL

q +
∑

f

ψLf sfRi + h.c.
)

)

.

Adding the external field action to the classical action

Γcl −→ Γcl + Γext.f., (3.64)

BRS invariance is rewritten into the Slavnov-Taylor identity:

S(Γcl) =

∫

d4x

(

(

sin θW∂µcZ + cos θW∂µcA
)

(

sin θW
δΓcl
δZµ

+ cos θW
δΓcl
δAµ

)

(3.65)

+
δΓcl
δρµ3

(

cos θW
δΓcl
δZµ
− sin θW

δΓcl
δAµ

)

+
δΓcl
δσ3

(

cos θW
δΓcl
δcZ
− sin θW

δΓcl
δcA

)

+
δΓcl
δρµ+

δΓcl
δWµ,−

+
δΓcl
δρµ−

δ

δWµ,+
+
δΓcl
δσ+

δΓcl
δc−

+
δΓcl
δσ−

δΓcl
δc+

+
δΓcl
δY †

δΓcl
δΦ

+
δΓcl
δΦ†

δΓcl
δY

+

NF
∑

i=1

( δΓcl

δψLfi

Γclδ

δfRi
+
δΓcl

δΨR
δi

Γclδ

δFL
δi

+ h.c.
)

+Ba

δΓcl
δc̄a

+ q̂
δΓcl

δΦ̂
+
δΓcl

δΦ̂†
q̂†
)

= 0.

The unitarity of the physical S-matrix, i.e. cancellation of unphysical particles in physical

scattering processes, can be derived from the Slavnov-Taylor identity. To ensure that

the physical interpretation also holds to higher orders the Slavnov-Taylor identity has to

be established to higher orders of perturbation theory as defining symmetry identity of

non-abelian and spontaneously broken gauge theories [12, 13, 33]. (For an introduction

to unitarity proofs in gauge theories see [R1] and [Q4].)

In the Standard Model, due to the abelian factor group the Slavnov-Taylor identity

does not completely characterize the theory. As we have already mentioned we have

to require an abelian Ward identity for fixing electromagnetic current coupling and also

SU(2)×U(1) rigid symmetry for being able to single out the abelian operator. Assigning

to the external fields and to the Faddeev-Popov fields definite transformation properties

with respect to rigid SU(2) × U(1) transformations, we have for the complete classical

action

WαΓcl = 0 and WemΓcl = 0, (3.66)
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The Wα, α = +,−, 3 satisfy SU(2) algebra:

[Wα,Wβ] = ǫαβγ Ĩγγ′Wγ′ . (3.67)

The operators Wα are the sum of all field operators (cf. (3.41))

Wα =Wfermion
α +Wscalar

α +Wvector
α +WB

α +WΦ̂
α + +Wghosts

α +Wext.f
α . (3.68)

The complete operators are given in Appendix A (A.46). Furthermore we find that the

local abelian symmetry defined by the operator

wQ
4 ≡ wem −w3

[

wQ
4 ,Wα

]

= 0 (3.69)

is broken linearly and can be interpreted as an abelian Ward identity for the generating

functional of 1PI Green’s functions:

( e

cos θW
wQ

4 − cos θW∂
δ

δZ
− sin θW∂

δ

δA

)

Γcl = 2(sin θWBZ + cos θWBa) (3.70)

It allows to distinguish electromagnetic current coupling from coupling of lepton and

baryon number conserving currents in the construction of the electroweak Standard Model.

As long as we do not consider family mixing in the fermion sector, CP invariance is a

discrete symmetry of the Standard Model and conservation of lepton and baryon family

are global abelian symmetries (2.109):

WlΓcl = 0 and WqΓcl = 0 (3.71)

In the proof of renormalizability to all orders, it has to be shown that the Slavnov-

Taylor identity (3.65), Ward identities of rigid symmetry (3.66) and the local abelian Ward

identity (3.70) can be established to all orders of perturbation theory. Furthermore – and

as important as the first part – it has to be shown that these symmetry transformations

together with CP invariance and the global symmetries (3.71) uniquely determine all free

parameters order to order in perturbation theory, if appropriate normalization conditions

are imposed.
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4. Proof of renormalizability to all orders

4.1. Scheme dependence of counterterms

For the purpose of illustrating general properties of renormalized perturbation theory

we consider a simple quantum field theoretic model, the ϕ4-theory, with the classical

action

Γcl =

∫

d4x
(1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2 − λ

4!
ϕ4
)

. (4.1)

As discussed in section 3.1 the perturbative expansion is formally governed by the Gell-

Mann–Low (GML) formula (3.1) and can be diagrammatically expressed in the Feynman

diagrams. There one assigns to propagators and vertices certain diagrammatic expressions

and writes all topological distinct diagrams. If one assigns furthermore to the diagrams

symmetry factors, diagrams are immediately translated into the mathematical expressions

of Green’s functions. The correspondence between diagrams and Green’s functions is

summarized in the Feynman rules. For example the connected 2- and 4- point Green’s

functions of the ϕ4-theory are expanded diagrammatically as follows

G2
c = + . . . . .++

G4
c = +  . . . .+ +

When writing down the corresponding expressions to the loop diagrams, one sees that

these integrals are not finite and therefore not well defined as they are given by the GML

formula: the integral over the internal loop momenta is unbounded. To analyze these

divergences it is useful to consider the one-particle-irreducible (1PI) Green’s functions. In

the above example they are obtained from the connected ones by amputating the external

legs. For 1PI Green’s functions the superficial degree of the ultraviolet divergence dΓ of a

specific loop diagram Γ is given to all orders by the following formula:

dΓ = 4−NB −
3

2
NF +

∑

V

(dV − 4). (4.2)
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Here NB and NF denote the number of external (amputated) boson (B) and fermion (F )

legs. The sum is taken over all vertices V appearing in the respective 1PI diagram and

dV denotes the dimension of the vertex V . For the 2 and 4 point Green’s functions in the

ϕ4-theory, we find dΓ2 = 2 and dΓ4 = 0 respectively, whereas all the 1PI Green’s functions

with more than four external (amputated) legs are finite. Since all the propagators behave

not worse than 1
p2

when p2 → ∞ (cf. section 3.1 and 3.2) the formula (4.2) is also valid

in the electroweak Standard Model. Furthermore, since all the interaction vertices of

the classical action have dimension less than or equal 4 (dV ≤ 4 ), the divergencies of

the Standard Model are restricted to 2-, 3-, and 4-point 1PI Green’s functions and are

quadratic, linear and logarithmic depending on the number of external fermion and boson

lines. This property is called naive renormalizability by power counting (see e.g. [R2] for

an introduction to renormalization).

Next we consider the explicit expressions of the divergent 1-loop 1PI diagrams in the

ϕ4-model2:

Γ2(p
2) = p2 −m2 − iλR

∫

d4k

(2π)4

1

k2 −m2
, (4.3)

Γ4(p1, p2, p3, p4) = −λ− iλ
2

2
R
∫

d4k

(2π)4

( 1

k2 −m2

1

(k + p1 + p2)2 −m2

+ (p2 ↔ p3) + (p2 ↔ p4)
)

.

Here R denotes that the integral has to be made meaningful in the course of renormal-

ization. There are several schemes which allow to define Green’s functions to all orders

consistently. Here we want to mention two of them: For practical calculations the most

commonly used scheme is the scheme of dimensional regularization together with a sub-

traction prescription for removing the poles in the limit of 4 dimensions [10, 34]. In the

abstract approach one refers to the momentum subtraction scheme in the version of BPHZ

and, if one includes massless particles, to its generalization, the BPHZL scheme. (The

scheme is called according to Bogoliubov, Parasiuk [35], Hepp [36] and Zimmermann [37]

and in its massless version in addition to Lowenstein [38].)

2The definitions of 1PI Green’s functions differs by a factor i from other conventions (cf. (4.22)), since

we want to identify the lowest order contributions to 1PI Green’s functions with the classical action

(cf. 4.23).
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1. Dimensional regularization

In this scheme the dimension of space-time is analytically continued toD-dimensions

in the complex plane. The integrals (4.3) become in D-dimensions:

ΓDIM2 = p2 −m2 − iλµ4−D
∫

dDk

(2π)D
1

k2 −m2
, (4.4)

ǫ→0
= p2 −m2 +m2λ

1

(4π)2

(2

ǫ
− γE + ln 4π + 1 + ln

µ2

m2

)

ΓDIM4 = −λ− iλ
2

2
µ4−D

∫

dDk

(2π)D
1

k2 −m2

( 1

(k + p1 + p2)2 −m2
+ 2 Perm.

)

(4.5)

ǫ→O
= −λ +

1

(4π)2

3λ2

2

(2

ǫ
− γE + ln 4π

)

− 1

(4π)2

λ2

2

(

∫ 1

0

dz ln
m2 − z(1− z)p2 − iε

µ2
+ 2 Perm.

)

,

where ǫ = D− 4. The auxiliary mass µ is introduced for having dimensionless cou-

plings also in D dimensions. ΓDIM denotes the dimensionally regularized integral.

From there the finite renormalized Green’s functions in 4 dimensions are defined

by an additional subtraction prescription for removing the poles in the limit of 4

dimensions, i.e. ǫ → 0. This procedure is well-defined only up to constants: In the

minimal subtraction scheme (MS) [39] only the poles 2
ǫ

are subtracted, whereas in

the modified minimal subtraction scheme (MS) [40] the poles 2
ǫ

and the constants

−γE + ln 4π are removed from the D-dimensional expression. In the MS scheme we

find for the renormalized integrals:

ΓMS
2 = p2 −m2 +m2λ

(

1 + ln
µ2

m2

)

ΓMS
4 = −λ+

1

(4π)2

λ2

2

(

∫ 1

0

dz ln
m2 − z(1− z)(p1 + p2)

2 − iε
µ2

+ 2 Perm.
)

. (4.6)

2. Momentum subtraction scheme of BPHZ

The renormalized Green’s functions in the BPHZ scheme are defined without a

regularization procedure. The finite Green’s functions in 1-loop order are readily

obtained by subtracting the first powers of the Taylor expansion in the external

momenta pi from the integrand at pi = 0. The subtraction operator is denoted

by tdp1...pn
. (Divergent subdiagrams of higher orders are subtracted according to the

forest formula.) The order d of Taylor subtractions is called the subtraction degree
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and coincides in the case considered here with the degree of divergency:

ΓBPHZ2 = p2 −m2 + iλ(1− t2p)
∫

d4k

(2π)4

1

k2 −m2
= p2 −m2; (4.7)

ΓBPHZ4 = −λ− iλ
2

2
(1− t0p)

∫

d4k

(2π)4

( 1

k2 −m2

1

(k + p1 + p2)2 −m2
+ 2 Perm.

)

= −λ− i
(

λ2

2

∫

d4k

(2π)4

( 1

k2 −m2

1

(k + p1 + p2)2 −m2
− 1

(k2 −m2)2

)

+2 P.

)

= −λ +
1

(4π)2

λ2

2

∫ 1

0

dz
(

ln
m2 − z(1− z)(p1 + p2)

2

m2
+ 2 Perm.

)

. (4.8)

Comparing the finite Green’s functions of the MS and MS scheme with the ones of

the BPHZL scheme it is seen, that the renormalized expressions differ by constants, but

that the non-local (logarithmic) contributions coincide as they stand and illustrate the

equivalence of different schemes. In particular we have

ΓBPHZ2 = ΓMS
2 −m2λ(1 + ln

µ2

m2
)

ΓBPHZ4 = ΓMS
4 +

3λ2

32π2
ln
µ2

m2
. (4.9)

These constants can be related to counterterms, which are added order by order to the

classical action and appear in the GML formula in higher orders of perturbation theory.

Of course these counterterms are restricted to have dimension less than or equal to 4 in

order not to violate the properties of naive renormalizability. In the ϕ4-theory the most

general counterterms are given by

Γct =

∫

d4x

∞
∑

n=1

(

a(n)λnϕ2ϕ+ b(n)λnm2ϕ2 + c(n)λn+1ϕ4 +
√
λλnf (n)ϕ3

)

. (4.10)

In fact the above calculation has demonstrated, that these counterterms are fixed arbi-

trarily in different schemes and have to be defined uniquely by normalization conditions

and symmetries. Let us consider first the ϕ3-interaction, which can be added from pure

power counting arguments. Since the classical action is invariant under the discrete trans-

formation

ϕ→ −ϕ Γcl(ϕ)→ Γcl(−ϕ) = Γcl(ϕ) (4.11)

and since the discrete symmetries are not violated in the course of renormalization, this

term can be omitted from the counterterm action. All the other terms have to be fixed

by normalization conditions and are interpreted as the wave function renormalization,
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coupling and mass renormalization. The classical action and the counterterms are sum-

marized in a Γeff :

Γeff =

∫

d4x
(1

2
z2
ϕ∂µϕ∂

µϕ− 1

2
(m+ δm)2z2

ϕϕ
2 − zλλ

4!
z4
ϕϕ

4
)

(4.12)

≡
∫

d4x
(1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2

)

+ Γint

with

zϕ = 1 +O(h̄), zλ = 1 +O(h̄), δm = O(h̄). (4.13)

These coefficients are uniquely related to the coefficients a, b and c (4.10) order by order

in perturbation theory. The arbitrary coefficients of counterterms have to be fixed by

three normalization conditions, namely zλ on the interaction vertex

Γ4(p1, p2, p3, p4)
∣

∣

∣ p2
i
=κ2

pi·pj=−
1
3 κ2

= −λ, (4.14)

and zϕ and δm on the 2-point function:

Γ2

∣

∣

∣

p2=m2
= 0 and ∂p2Γ2

∣

∣

∣

p2=κ2
= 1. (4.15)

The condition on the 4-point function fixes the coupling at the symmetric Euclidean

momentum p2 = κ2 to its tree value. The first condition on the 2-point function means

that the mass parameter appearing in the Green’s functions is the physical mass since it

is the pole of the propagator, the second condition fixes the residue of the pole to unity

at the normalization momentum p2 = κ2. Applying the normalization conditions to the

renormalized Green’s functions, scheme dependence of counterterms is removed and the

result is unique and does not depend on the scheme, which one has used for making the

Green’s functions finite:

Γ2(p
2) = p2 −m2 (4.16)

Γ4(p
2) = −λ +

1

(4π)2

λ2

2

∫ 1

0

dz
(

ln
m2 − z(1− z)(p1 + p2)

2 − iε
m2 − z(1− z)4

3
κ2

+ 2 Perm.
)

The Γeff (4.12), however, which governs the evaluation of Green’s functions in the GML

formula, depends on the scheme which one has used for making finite the infinite integrals.

Therefore, in a scheme independent proof of renormalizability one never refers to the

properties of a Γeff , but only to properties of the finite renormalized Green’s functions.

In the Standard Model there are a lot of counterterms, which can be added from pure

power counting arguments to the action. As it was in the ϕ4-model (cf. (4.11)), discrete
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and global symmetries as electric charge conservation and lepton and baryon number

conservation are conserved in the procedure of renormalization and we are able to restrict

the counterterms according to these symmetries. For example the general renormalizable

action with bilinear terms in the vector-scalar fields is given by

Γbilgen =

∫

d4x
(

−1

4
ZV
ab(∂

µV ν
a − ∂νV µ

a )(∂µVbν − ∂νVbµ)−
1

2
Z̃V
ab

(

∂µVaµ
)2

+
1

2
MV

abV
µ
a Vµb

+
1

2
ZS
a Ĩab∂

µφa∂µφb −
1

2
mS
aφaĨabφb +Da,bV

µ
a ∂µϕb

)

. (4.17)

Applying CP invariance and charge neutrality it is seen that ZS as well as mS are

diagonal in the neutral sector and off-diagonal and real in the charged sector, whereas

ZV and MV are real but non-diagonal in the neutral sector. Of course some of these

constants are fixed by normalization conditions, as it is for the mass matrix of vectors

and the mass of the Higgs. Other counterterms in (4.17) as Da,b are determined by the

symmetries as it is seen from the classical action.

In the (complete) on-shell scheme the mass matrix of vectors is fixed by the following

normalization conditions [24, 25, 41]:

Re ΓW+W−

∣

∣

∣

p2=M2
W

= 0, Re ΓZZ

∣

∣

∣

p2=M2
Z

= 0, ΓAA

∣

∣

∣

p2=0
= 0,

Re ΓZA

∣

∣

∣

p2=M2
Z

= 0, ΓZA

∣

∣

∣

p2=0
= 0. (4.18)

With these conditions the mass matrix of vectors is diagonalized on-shell. Since Z and

W± are unstable particles, their self energies are not real. The on-shell conditions do not

seem to be the appropriate conditions for describing unstable particle in higher orders,

but we want to indicate here that there are free counterterms available for fixing the

masses of particles and for diagonalizing the mass matrix. Then on-shell conditions can

be replaced immediately by the appropriate normalization conditions as for example pole

conditions in higher orders.

In the course of algebraic renormalization counterterms have to be characterized alge-

braically by the symmetries of the model. In particular one has to distinguish the invariant

counterterms that are fixed by normalization conditions from non-invariant counterterms

which are fixed by the symmetries. This classification is carried out when one solves

the defining symmetries, the Ward identities and the ST identity, for the most general

local field polynomial compatible with power counting renormalizability. The proof of

renormalizability is finished by proving that the defining symmetries of the model can be

established in higher orders by adjusting non-invariant counterterms appropriately. (For

an introduction to algebraic renormalization see [R5,R6].) The basis for this proof is the
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quantum action principle for off-shell Green’s functions, whose content and consequences

for renormalization we outline in the following subsection.

4.2. The quantum action principle

The classical action of the Standard Model satisfies the ST identity (3.65)

S(Γcl) = 0, (4.19)

Ward identities of rigid SU(2) symmetry and global electromagnetic charge conservation

(3.66)

WαΓcl = 0, WemΓcl = 0. (4.20)

Starting from the classical action one can immediately calculate the Green’s functions of

1-loop order, by using the Gell-Mann–Low formula and Wick’s theorem, or equivalently

using Feynman diagrams and Feynman rules as described in the last subsection. The

divergent Green’s functions are renormalized by a well-defined subtraction scheme as we

have presented in the example of the ϕ4-theory. (Feynman rules of the Standard Model

and standard 1-loop diagrams evaluated in dimensional regularization are given in several

publications. See e.g. [25, 28, 41]).

The finite 1PI Green’s functions are summarized in the generating functional of 1PI

Green’s functions.

Γ[ϕk] =
∞
∑

n=0

1

n!

∫

d4x1 . . .d
4xn

∑

i1,...in

ϕi1(x1)ϕi2(x2) · · ·ϕin(xn)Γϕi1
...ϕin

(x1, . . . xn) (4.21)

Here ϕk denotes the different fields of the Standard Model and Γϕi1
...ϕin

the 1PI Green’s

functions with external amputated legs ϕi1 , . . . ϕin

Γϕi1
...ϕin

(x1, . . . xn) =
1

i
< Tϕi1(x1) . . . ϕin(xn) >

∣

∣

∣

1PI diagrams
amputated legs

(4.22)

In perturbation theory the generating functional of 1PI Green’s functions is expanded in

orders of h̄, which agrees with the loop order and the expansion in the coupling constant.

The lowest order is the classical action:

Γ =

∞
∑

k=0

Γ(k) Γ(0) = Γcl (4.23)
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The proof of renormalizability is an induction proof; therefore we have in a first step

to prove that the symmetries of the tree approximation can be established also in 1-loop

order

S(Γcl) = 0 =⇒
(

S(Γ)
)(≤1)

= 0 (4.24)

WαΓcl = 0 =⇒
(

WαΓ
)(≤1)

= 0

Finally we have also to establish the local Ward identity (3.70) in 1-loop order. The global

symmetries as electric charge conservation, lepton and baryon number conservation as well

as discrete CP symmetry are trivially established. Having carried out the step from the

classical approximation to 1-loop order the step from order n to n + 1 can be done in

analogy if none of the initial conditions as power counting renormalizability and infrared

existence have changed.

In the following we denote the finite scheme-dependent renormalized 1-loop Green’s

functions by Γ
(1)
ren. As in the example of the ϕ4-theory we are able to add arbitrary

counterterms in 1-loop order. The Green’s functions of the Standard Model are finally

determined as a sum of the renormalized scheme-dependent contributions and local coun-

terterms (see (4.17)):

Γ(≤1) = Γcl + (Γ(1)
ren + Γ

(1)
ct ) (4.25)

Applying the ST operator and the Ward operators of the tree approximation (3.65) and

(3.66) to this expression we obtain:

S(Γ(≤1)) = S
(

Γcl + (Γ(1)
ren + Γ

(1)
ct )
)

(4.26)

= sΓcl
Γ(1)
ren + sΓcl

Γ
(1)
ct +O(h̄2)

WαΓ
(≤1) = Wα

(

Γcl + (Γ(1)
ren + Γ

(1)
ct )
)

= WαΓ
(1)
ren +WαΓ

(1)
ct

The operator sΓ is the linearized version of the ST operator:

sΓ =

∫

d4x

(

(

sin θW∂µcZ + cos θW∂µcA
)

(

sin θW
δ

δZµ
+ cos θW

δ

δAµ

)

(4.27)

+Ba

δ

δc̄a
+ q̂

δ

δΦ̂
+

δ

δΦ̂†
q̂† +

∑

ϕk,Υk

uk

( δΓ

δΥk

δ

δϕk
+

δΓ

δϕk

δ

δΥk

)

)

We have generically written ϕk for the fields and Υk for the corresponding external sources

in the theory.

If we want to prove that symmetries can be established in 1-loop order, we have to

show that all scheme dependent breakings in 1-loop order can be cancelled by adding
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appropriate counterterms, i.e.:

WαΓ
(1)
ren

!
= −WαΓ

(1)
ct sΓcl

Γ(1)
ren

!
= −sΓcl

Γ
(1)
ct (4.28)

(Here
!
= denotes that the equality of both sides of these equations has to be proven.)

For proving these equalities the most important input comes from the quantum action

principle [42, 43]. It relates differentiations with respect to parameters and with respect

to fields to insertions (see [R3] – [R6] and below, in particular (4.38)). In its most

general form it has been formulated even independent of a specific renormalization scheme

[43]. Applying the quantum action principle to the symmetry operators involved here we

find that the symmetries of the tree approximation can be at most broken by local field

polynomials with UV-dimension less or equal than 4 in 1-loop order:

S(Γcl + Γ(1)
ren) = ∆

(1)
brs +O(h̄2), (4.29)

Wα(Γcl + Γ(1)
ren) = ∆(1)

α +O(h̄2) (4.30)

with

dimUV ∆
(1)
brs ≤ 4 and dimUV ∆(1)

α ≤ 4. (4.31)

In particular the proof of renormalizability is completely traced back to an (algebraic)

analysis of local field polynomials and (4.28) is simplified to the expressions

∆
(1)
brs + sΓcl

Γ
(1)
ct

!
= 0 (4.32)

∆(1)
α +WαΓ

(1)
ct

!
= 0.

A characterization of all possible breakings is obtained by the algebraic method, which

will be presented in the following section. Before we turn to the algebraic method we

want to make a few remarks on the quantum action principle.

In its general form the action principle relates field and parameter differentiations

acting on the generating functional of Green’s functions to insertions into the respective

Green’s functions. According to the dimension of fields appearing in the differential

operators the field polynomials of the insertions have a definite upper UV dimension in

all power counting renormalizable theories. In the BPHZL scheme the quantum action

principle takes a simple form and relates the differential operators to Zimmermann’s

normal products [42, 44]. Furthermore the insertions can be expressed in terms of the

(scheme-dependent) Γeff . Here we will restrict ourselves to the most important properties

of insertions. First we want to give the definition of an insertion. Green’s functions

with insertions are quite analogously determined as ordinary Green’s functions: Factors
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and Feynman rules are given by the formal expansion of the generalized Gell-Mann–Low

formula, which defines Green’s functions with insertions in a formal way:

〈TO(x)ϕi1(x1) · · ·ϕin(xn)〉 = R〈T : O(0)(x) : ϕ
(0)
i1

(x1) · · ·ϕ(0)
in

(xn)e
iΓint(ϕ

(0)
k

)〉. (4.33)

With O(x) we denote an arbitrary field polynomial composed of propagating fields of

the model. Examples for such polynomials are ϕ2(x) and ϕ4(x) in the ϕ4-theory. Inte-

grated insertions usually denoted by ∆ are defined by carrying out the x integration in

the above formula ∆ =
∫

d4xO(x). The Green’s functions with a certain insertion are

again summarized in the generating functional of Green’s functions with insertion. From

here one is able to define connected and finally 1PI Green’s functions with insertion by

Legendre transformation. The generating functional of 1PI Green’s functions with the

non-integrated insertion O(x) and the integrated insertion ∆ are denoted by

[O(x)] · Γ and [∆] · Γ (4.34)

and

δn

δϕi1(x1) . . . ϕin(xn)
[O(x)] · Γ = R < T : O(x) : ϕi1(x1) . . . ϕin(xn) >

∣

∣

∣

1PI diagrams
amputated legs

1PI Green’s functions have the same obvious diagrammatic interpretation as ordinary

Green’s functions. It is important to note that the lowest order in the perturbative

expansion is a local expression and given by the field polynomial O(x):

[O(x)] · Γ = O(x) +O(h̄). (4.35)

(This is analogous to the observation, that Γcl is the lowest order of the generating func-

tional of 1PI Green’s functions (see (4.23).)

Of course insertions of field polynomials into loop diagrams are in general divergent

and have also to be made meaningful by renormalization. Similarly as for ordinary 1PI

Green’s functions we find the following degree of divergency dΓO
of a 1PI Green’s functions

with one insertion O(x):

dΓO
= 4−NB −

3

2
NF +

∑

V

(dV − 4) + (dO − 4). (4.36)

Here the notation is the same as in (4.2), and dO denotes the dimension of the field

polynomial O(x). (For example in the ϕ4-theory we have dϕ4 = 4 and dϕ2 = 2.) In the

BPHZ scheme the renormalized Green’s functions with insertions are defined by Taylor

subtraction. The number of Taylor subtractions are given by the subtraction degree,

which is in a renormalizable theory given by

δΓO
= 4−NB −

3

2
NF + (δO − 4), (4.37)
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and δO ≥ dO defines the subtraction degree. (For example in the ϕ4-theory one often has

to consider ϕ2-insertions with δϕ2 = 4.) In the BPHZ scheme the Green’s functions with

insertions are therefore given together with their subtraction degree δ: With the notation

[O(x)]δ · Γ

the Green’s functions with insertion are completely defined.

The quantum action principle relates field differentiations to insertions with a well

defined UV-degree δ. For the purpose of the present lectures we need the following

forms of the action principle: variations of propagating fields as they appear in the Ward

operators of rigid symmetry (3.66) and products of field variations with respect to a

propagating and an external fields as they appear in the ST operator (3.65):

ϕk(x)
δΓ

δϕl(x)
= [O(x)]δO · Γ with δO = 4− dimUV ϕl + dimUV ϕk (4.38)

∫

d4x
δΓ

δΥk(x)

δΓ

δϕl(x)
= [∆]δ∆ · Γ with δ∆ = 4− dimUV ϕl + 4− dimUV Υk

The lowest order of ∆ and O(x) is given in expressions of the classical action:

O(x) = ϕk
δΓcl
δϕl

+O(h̄) (4.39)

∆ =

∫

d4x
δΓcl

δΥk(x)

δΓcl
δϕl(x)

+O(h̄).

Field polynomials appearing in higher orders are scheme dependent but restricted by the

UV-degree δO and δ∆:

dimUV O(x) ≤ δO dimUV ∆ ≤ δ∆. (4.40)

Applying the quantum action principle as given in the above formula to the Standard

Model we find

S(Γ) = [∆brs]4 · Γ with ∆brs = S(Γcl) +O(h̄) = O(h̄), (4.41)

WαΓ = [∆α]4 · Γ with ∆α =WαΓcl +O(h̄) = O(h̄). (4.42)

Using that the lowest order of the insertion is a local field polynomial we arrive immedi-

ately at (4.29) and (4.30), where the upper UV dimension of field polynomials is given by

the subtraction degree of the insertion (4.31).

In the Standard Model and quite generally in gauge theories with unbroken gauge

groups there are massless particles. For this reason, one has to assign to every field also

an infrared (IR) dimension [38]. Insertions are defined by giving an subtraction degree
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not only with respect to their UV but also with respect to their IR dimension [44]. Then

the local field polynomials ∆brs and ∆α are in addition restricted with respect to their

infrared degree [38, 44]. In the Standard Model we obtain from the pure power counting

analysis

dimIR ∆brs ≥ 3, dimIR ∆α ≥ 2. (4.43)

A complete list of the UV- and IR-dimension of the fields appearing the Standard Model

is given in ref. [16].

4.3. The algebraic method

With the algebraic method one has to characterize the counterterms and the breakings

by the defining symmetries of the model. In the algebraic characterization of countert-

erms the free parameters of the model are determined and the normalization conditions

and symmetries are identified. Then the Green’s functions can be uniquely defined in-

dependently of a specific (invariant) scheme. In the second step the possible breakings

of the symmetry operators are restricted by algebraic consistency, and in this way it is

possible to find out, if eq. (4.32) can be solved by adjusting appropriate counterterms.

The first step is called in the literature the general classical solution, since one solves

the defining symmetry identities for all integrated field polynomials allowed by the power

counting renormalizability. Neglecting in a first step the local Ward identity (3.70), the

defining symmetries are the ST identity (3.65) and the Ward identities of rigid symmetry

(3.66):

S(Γ) = 0, WαΓ = 0 and WemΓ = 0. (4.44)

In usual gauge theories with simple gauge groups these symmetry operators are defined by

their tree approximation. Since the gauge group of the Standard Model is non-semisimple

and since the unbroken gauge group does not correspond to the U(1)-group, such a pro-

cedure is not satisfactory for renormalizing the Standard Model. In particular, when we

try to proceed as usually, it is seen that there are not available enough free parameters

to establish the normalization conditions of the on-shell scheme for the vector and ghost

fields (cf. (4.18)). Due to the presence of the massless photon such normalization condi-

tions are crucial for obtaining off-shell finite Green’s functions in higher orders. Therefore

the symmetry operators have to be themselves subject of renormalization, especially the

weak mixing angle expressed in the on-shell scheme by the mass ratio of vector bosons,
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does get higher order corrections and cannot be fixed to its tree value in the symmetry

operators.

For this reason we have to generalized the notion of invariant counterterms: Instead

of taking the ST identity and Ward identities of the tree approximation, we take the

most general operators compatible with the algebra (4.45) – (4.47) and call counterterms

invariant if they satisfy these generalized identities (4.48). For the ST operator we require

the following properties of nilpotency:

sΓ S(Γ) = 0 for any functional Γ, (4.45)

sΓ sΓ = 0 if S(Γ) = 0.

The Ward operators Wα are required to fulfil the SU(2) algebra

[Wα,Wβ] = ǫαβγ Ĩγγ′Wγ′ . (4.46)

Finally ST operator and the Ward operators have to fulfil the consistency equation:

sΓWαΓ−WαS(Γ) = 0. (4.47)

These properties are valid for the operators of the tree approximation (3.65) and (4.27)

and (3.66).

For determining the general classical solution of general symmetry operators, i.e. the

invariant counterterms, one has to solve the algebra as well as the defining symmetry

identities for the most general power counting renormalizable action:

Sgen(Γgencl ) = 0 Wgen
α (Γgencl ) = 0 (4.48)

and Wgen
α and Sgen fulfil equations (4.45), (4.46) and (4.47) and

dimUV Γgencl ≤ 4 (4.49)

Γgencl as well as the symmetry operators are restricted according to the global and discrete

symmetries (CP invariance !) of the model (cf. the discussion after eq. (4.17)). An outline

of the main steps of the solution can be found in [16]. Here we give the most important

results:

The most general solution is gained from the special solution of the classical approx-

imation Γcl by redefining all fields with the most general matrix allowed by discrete and

global symmetries. Of course these field redefinitions have to be carried out in the ST

operator and in the Ward operators of rigid symmetry. It is seen that such field redef-

initions renormalize the operators in accordance with the algebra. For the vectors one
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is able to introduce a non-diagonal wave function redefinition matrix zVab in the neutral

sector, whereas the redefinition matrix of scalars is diagonal due to CP invariance.

zVab =











ẑW 0 0

0 zW 0 0

0 0 zZ cos θZ −zA sin θA

0 0 zZ sin θZ zA cos θA











zSab =











z+ 0 0 0

0 z+ 0 0

0 0 zH 0

0 0 0 zχ











(4.50)

Similar general field redefinitions can be carried out for the Faddeev-Popov ghosts and

the fermions. Further free parameters are the parameters listed in (2.102) and the gauge

parameters ξ, ξ̂, ζ and G of the general gauge fixing (3.39). In this way one is able to

carry out mass diagonalization on-shell and to give normalization conditions for all the

residua in accordance with the symmetry operators. Due to the fact, that the general

field redefinitions enter the Ward operators, invariant counterterms in 1-loop order are

characterized by the equations

sΓcl
Γ

(1)
inv + δS(1)Γcl = 0, WαΓ

(1)
inv + δW(1)

α Γcl = 0. (4.51)

Consequently non-invariant counterterms are called such counterterms which cannot be

arranged to fulfil equations (4.51) by an adjustment of parameters in the 1-loop operators.

By solving the general classical approximation we have now splitted uniquely the coun-

terterms into invariant and non-invariant counterterms and have specified at the same

time all the possible normalization conditions. In the fermion sector of course not all

the abelian couplings are specified by the solution the ST identity and Ward identities of

rigid symmetry, but we find the couplings of the abelian field combination to lepton and

baryon number conserving currents order to order as free parameters of the model. For

this reason one has finally to establish the Ward identity of local abelian gauge symmetry

(3.70) also in higher orders.

According to eq. (4.32) we have finally to prove that all breakings can be written

as variations of the counterterm action. Again scheme invariance of global and discrete

symmetries immediately restricts breakings according to their electric and Faddeev-Popov

charge and according to their behaviour under CP transformations. Then we apply the

classical ST operator sΓcl
and Ward operators Wα on eqs. (4.29) and (4.30). Using the

algebraic properties of the operators (4.45) – (4.47) we get:

sΓcl
∆

(1)
brs = 0,

sΓcl
∆(1)
α −Wα∆

(1)
brs = 0, (4.52)

Wα∆
(1)
β −Wβ∆

(1)
α = 0.
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These equations restrict strongly the possible breakings. It is seen immediately that all

breakings, which are variations

∆var
brs = sΓcl

Pct ∆var
α =WαPct (4.53)

and

dimUV Pct ≤ 4 (4.54)

satisfy the above consistency equations. Further solutions of the equations, which cannot

be written in the form of a variation are the Adler-Bardeen anomalies [45, 46, 47]. For

their explicit form in the Standard Model we refer to [16]. They are seen to cancel in 1-

loop order according to the appearance of lepton and quark pairs and vanish to all orders

according to the non-renormalization theorems proven in [48]. Therefore all breakings

can be written as variations of 4-dimensional field polynomials.

Finally we have to show, that we are able to add the field polynomials Pct to the

counterterm action without being in conflict with infrared existence and on-shell normal-

ization conditions conditions. Indeed it turns out that on-shell schemes and a complete

normalization of residua fix uniquely all field polynomials appearing in Γinv. Establishing

the normalization conditions by adding such counterterms we find

S(Γcl + Γ(1)
ren + Γ

(1)
inv) = sΓcl

P
(1)
ct + sΓcl

Γ
(1)
inv +O(h̄2) (4.55)

Wα(Γcl + Γ(1)
ren + Γ

(1)
inv) = WαP

(1)
ct +WαΓ

(1)
inv +O(h̄2) (4.56)

From the definition of invariant counterterms (4.51) it is obvious that some invariants are

naive invariants of the tree operators and other invariants break the symmetry of the tree

operators:

Γinv = Γoinv + Γobreak with

sΓcl
Γobreak = −δS(1)Γcl and sΓcl

Γoinv = 0 (4.57)

(The superscript o indicates that we have splitted the generalized invariants (4.51) into

invariants and breakings of tree operators.) In the same way Pct can be splitted into

non-invariant counterterms and such counterterms which are invariant in the generalized

sense of (4.51) but break the symmetry of the tree operators. Having already disposed

of invariant counterterms for establishing the normalization conditions we are not able

to dispose of the invariant counterterms for establishing the symmetry. But according

to their definitions these breakings can just be absorbed into a redefinition of the ST

operator and Ward operators. These redefinitions become unique if we take into account
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the algebraic properties of the symmetry operators. Finally we obtain the following

equations:

S(Γcl + Γ(1)
ren + Γ

(1)
inv) = ∆

(1)
brs + sΓcl

(

Γobreak
)(1)

+O(h̄2) (4.58)

= sΓcl
(P o

break + Γobreak)
(1) + sΓcl

P
(1)
noninv +O(h̄2)

= −δS(1)Γcl − sΓcl
Γ

(1)
noninv +O(h̄2)

Wα(Γcl + Γ(1)
ren + Γ

(1)
inv) = ∆(1)

α +Wα

(

Γobreak
)(1)

+O(h̄2) (4.59)

= Wα(P
o
break + Γobreak)

(1) +WαP
(1)
noninv +O(h̄2)

= −δW(1)
α Γcl −WαΓ

(1)
noninv +O(h̄2)

Therefore we are able to establish all normalization conditions and to remove all the

breakings by adjusting non-invariant counterterms and symmetry operators:

Sgen(Γ) ≡ S(Γcl + Γ(1)
ren + Γ

(1)
inv + Γ

(1)
noninv) + δS(1)Γcl +O(h̄2) = O(h̄2)

Wgen
α Γ ≡ Wα(Γcl + Γ(1)

ren + Γ
(1)
inv + Γ

(1)
noninv) + δW(1)

a Γcl +O(h̄2) = O(h̄2). (4.60)

The proof to all orders can be immediately finished by induction, i.e. one has to go

through all the steps above from order n to order n + 1 and one has to realize that none

of the initial conditions as power counting renormalizability, infrared existence and global

symmetries have changed by the adjustment of 1-loop counterterms. Then the quantum

action principle can be applied in the same way as in 1-loop order. The point where one

has to be careful in proving renormalizability of the Standard Model is infrared existence

of Green’s functions. Due to the fact, that the mass matrix of vector bosons (and the one

of Faddeev Popov ghosts) can be diagonalized in accordance with the symmetries on-shell,

we are indeed able to proceed to higher orders as it was from the classical approximation

to the 1-loop order and the renormalizability as well as infrared existence is proven to all

orders.
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5. Summary

In these lecture notes we have discussed the renormalization of the electroweak Standard

Model by using the method of algebraic renormalization. According to the fact, that

the renormalization of the electroweak Standard Model cannot be based on an invariant

scheme, we have to characterize the model completely by its symmetries. Due to the non-

semisimple gauge group and the specific form of the spontaneous symmetry breaking the

characterization by symmetries requires quite a few generalizations compared to theories

with simple groups. For clarity we review the main steps of our lectures here briefly again.

We started from the free massless Dirac action of fermions and constructed the sym-

metry operators which produce the currents of weak and electromagnetic interactions. In

this way we found quite naturally to the SU(2) × U(1) gauge structure of electroweak

interactions. When we coupled the currents to vector fields, we required a local gauge

symmetry to hold for the enlarged theory. Then the interactions as well as the transfor-

mation of vectors are fixed.

So far we have worked with the massless gauge theory. Mass terms for fermions

were not allowed since they break SU(2) × U(1) symmetry of the theory. We noted

however that the mass terms transform covariantly under SU(2) × U(1). Therefore we

are able to couple them to scalars and require again that the transformations satisfy

the SU(2) × U(1) algebra. Then the transformation of scalars is fixed. The action of

the Glashow-Salam-Weinberg model is then constructed by giving the most general 4-

dimensional action invariant under the spontaneously broken symmetry transformations.

Apart from the SU(2)×U(1) gauge symmetry with the unbroken electromagnetic gauge

symmetry, we identified two further global symmetries: the conservation of lepton and

baryon family number. In these lectures we did not consider mixing of different fermion

families, especially we have been able to require CP invariance in the construction of

higher orders.

In order to have renormalizability by power counting we added to the Glashow-Salam-

Weinberg action the gauge-fixing functions in the so called Rξ-gauges. For having nilpo-

tency of the BRS transformations the gauge fixing functions have been coupled to the aux-

iliary fields Ba. Furthermore it was noticed that the Rξ-gauges break not only local but

also rigid symmetry. For maintaining rigid SU(2)×U(1) invariance external scalars have

been introduced. In this way one is able to construct even a local abelian Ward identity in

the tree approximation. This Ward identity proven to all orders ensures electromagnetic

current coupling in the model and is the functional form of the Gell-Mann–Nishijima re-

lation. The gauge fixing breaks the gauge symmetry non-linearly. Therefore one had to

replace gauge invariance by BRS invariance, introducing the Faddeev-Popov ghost fields.
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BRS transformations act on the matter fields and vectors as gauge transformations, but

allow to complete the gauge fixing to a BRS symmetric action by adding the ghost action.

The algebra of SU(2)×U(1) transformations is then translated to nilpotency of the BRS

transformations. Having determined the gauge fixing and ghost part, the construction of

the classical action has been finished by giving all the symmetry transformations in their

functional form. BRS invariance is replaced by the Slavnov-Taylor identity and invariance

under rigid and local gauge transformations by the Ward identities. In the proof of renor-

malizability it has to be proven, that these symmetries can be established to all orders of

perturbation theory and define the Green’s functions of the Standard Model uniquely to

all orders.

In the last section we first illustrated in the ϕ4-theory some special properties of

renormalized perturbation theory. By comparing two renormalization prescriptions, di-

mensional regularization with (modified) minimal subtraction and the BPHZ momentum

subtraction scheme, we have shown, that in the procedure of renormalization Green’s

functions are only defined up to local counterterms. To remove this scheme dependence

one has to introduce normalization conditions for the free parameters of the model. For

the Standard Model we have chosen a normalization scheme, which allows to fix all mass

parameters of the theory and all the residua independently. In particular we required the

photon and Z boson mass matrix to be diagonal at the Z-mass and at p2 = 0. The lat-

ter normalization condition is crucial for ensuring infrared existence for off-shell Green’s

functions.

Finally the most important ingredient for the algebraic proof of renormalizability, the

quantum action principle, has been given. In particular we have discussed consequences

of the quantum action principle for the symmetries of the Standard Model to higher

orders. The notes ended with an outline of the algebraic method. We have shown, that

by the algebraic characterization of all possible counterterms and all possible breakings

renormalizability can be proven in a scheme independent way. Indeed the symmetries,

the Slavnov-Taylor identity, the rigid SU(2) and the local abelian Ward identity, which

we have derived in the classical approximation, completely characterize the model and

can be established to all orders of perturbation theory since the anomalies are cancelled

by the lepton and quark loops.

Acknowledgements It is a pleasure to thank the organizers of the Saalburg Summer

School 1997, Olaf Lechtenfeld (Hannover University), Jan Louis (Halle University), Stefan

Theisen (Munich University) and Andreas Wipf (Jena University) for the invitation to

lecture at this interesting school. We would also like to thank Torsten Tok (Leipzig

University) for taking notes during the lectures.

57



Appendix A: List of important formulae

In this appendix we summarize the important formulae of the electroweak Standard

Model, the action and the defining symmetry operators, in the tree approximation. All

expressions are given in the QED-like on-shell parameterization (2.106), in particular we

use the on-shell definition of the weak mixing angle throughout (2.103): cos θW ≡ MW

MZ
.

Fields of the Standard Model

Left-handed fermion doublets:

FL
li

=

(

νLi
eLi

)

, FL
qi

=

(

uLi
dLi

)

, i = 1...NF , (A.1)

right-handed-fermion singlets:

fRi = eRi , u
R
i , d

R
i , i = 1...NF . (A.2)

With three generations of fermions (NF = 3) one has explicitly:

νei
= νe, νµ, ντ

ei = e, µ, τ

ui = u, c, t

di = d, s, b;

(A.3)

quarks are colour vectors, q = (qr, qb, qg), q = ui, di.

Vector fields:

V µ
a = (W µ

+,W
µ
−, Z

µ, Aµ), (A.4)

auxiliary B-fields:

Ba = (B+, B−, BZ , BA), (A.5)

Faddeev-Popov ghosts with Faddeev-Popov charge 1(ca) and −1(c̄a):

ca = (c+, c−, cZ , cA) c̄a = (c̄+, c̄−, c̄Z , c̄A). (A.6)

The scalar doublet and its hermitian conjugate:

Φ ≡
(

φ+(x)
1√
2
(H(x) + iχ(x))

)

Φ̃ ≡ iτ2Φ
∗ =

(

1√
2
(H(x)− iχ(x))

−φ−(x)

)

, (A.7)
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the external scalar doublet and its hermitian conjugate:

Φ̂ ≡
(

φ̂+(x)
1√
2
(Ĥ(x) + iχ̂(x))

)

˜̂
Φ ≡ iτ2Φ̂

∗ =

(

1√
2
(Ĥ(x)− iχ̂(x))

−φ̂−(x)

)

. (A.8)

External fields with Faddeev-Popov charge −1(ρµα) and −2(σα):

ρα = (ρ+, ρ−, ρ3) σα = (σ+, σ−, σ3), (A.9)

scalar fields with Faddeev-Popov charge −1:

Y ≡
(

Y +

1√
2
(YH + iYχ)

)

Y ∗ =

(

Y −

1√
2
(YH − iYχ)

)

, (A.10)

right-handed fermion doublets with Faddeev-Popov charge −1:

ΨR
li

=

(

ψRνi

ψLei

)

ΨR
qi

=

(

ψRui

ψRdi

)

, (A.11)

left-handed fermion singlets with Faddeev-Popov charge −1

ψLfi
= ψLei

, ψLui
, ψLdi

. (A.12)

The BRS variation of the external scalar doublet Φ̂ with Faddeev-Popov charge 1:

q ≡
(

q+

1√
2
(qH + iqχ)

)

q∗ =

(

q−

1√
2
(qH − iqχ)

)

. (A.13)

The classical action

The classical action of the Standard Model can be decomposed in the gauge invariant

Glashow-Salam-Weinberg action and the gauge-fixing and ghost action:

Γcl = ΓGSW + Γg.f. + Γghost (A.14)

The Glashow-Salam-Weinberg action is given by

ΓGSW = ΓYM + Γscalar + Γmatter + ΓY uk, (A.15)
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with

ΓYM = −1

4

∫

d4xGµν
a Ĩaa′Gµνa′ (A.16)

Γscalar =

∫

d4x
(

(Dµ(Φ + v))†Dµ(Φ + v)− 1

8

m2
H

M2
W

e2

sin2 θW
(Φ†Φ + v†Φ + Φ†v)2

)

(A.17)

Γmatter =

NF
∑

i=1

∫

d4x
(

FL
li
iD/FL

li
+ FL

qi
iD/FL

qi
+ fRi iD/f

R
i

)

(A.18)

ΓY uk =

NF
∑

i=1

∫

d4x
−e

MW

√
2 sin θW

(

mei
FL
li

(Φ + v)eRi +mui
FL
qi

(Φ + v)uRi

+mdi
FL
qi

(Φ̃ + ṽ)dRi + h.c.

)

, (A.19)

The gauge-fixing in the most general linear gauge compatible with rigid symmetry is given

by

Γg.f.=

∫

d4x

(

1

2
ξBaĨabBb +

1

2
ξ̂(sin θWBZ + cos θWBA)2 +BaĨab∂Vb (A.20)

− ie

sin θW

(

(Φ̂ + ζv)†
τa(Ĝ)

2
Ba(Φ + v)− (Φ + v)†

τa(Ĝ)

2
Ba(Φ̂ + ζv)

)

)

.

The Faddeev-Popov ghost action for arbitrary Ĝ is derived from the BRS transformations

(A.40) by postulating sΓghost+sΓg.f. = 0. (The matrix ĝ depends on Ĝ and θW ; it is defined

in (A.36)) :

Γghost =

∫

d4x

(

−c̄a2Ĩabcb −
e

sin θW
c̄aĝ
−1
aa′fa′bc′∂(Vbĝc′ccc) (A.21)

+ i
e

2 sin θW
c̄aĝ
−1
aa′

(

q̂†τa′(Ĝ)(Φ + v)− (Φ + v)†τa′(Gs)q̂
)

− e2

4 sin2 θW

(

c̄aĝ
−1
aa′(Φ̂ + ζv)†τa′(Ĝ)τb′(Gs)(Φ + v)

+ (Φ + v)†τb′(Gs)τa′(Ĝ)(Φ̂ + ζv)
)

ĝb′bcb

)

We want to note that the bilinear part of the ghost action is diagonal with arbitrary ghost

masses ζWM
2
W and ζZM

2
Z

Γbilghost =

∫

d4x
(

−c̄a2Ĩabcb − ζWM2
W (c̄+c− + c̄−c+)− ζZM2

Z c̄ZcZ

)

+ Γintghost (A.22)

with ζW ≡ ζ and ζZ = ζ cos θW (cos θW − Ĝ sin θW ).

In the above formulae we have used the following conventions and abbreviations:

v denotes the shift of the scalar field doublet:

v =

(

0
1√
2
v

)

with v =
2

e
MZ cos θW sin θW . (A.23)
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The field strength tensor and the covariant derivatives have the form

Gµν
a = ∂µV ν

a − ∂νV µ
a +

e

sin θW
Ĩaa′fa′bcV

µ
b V

ν
c (A.24)

DµΦ = ∂µΦ− i
e

sin θW

τa(Gs)

2
ΦVµa (A.25)

DµF
L
δi

= ∂µF
L
δi
− i e

sin θW

τa(Gδ)

2
FL
δ,iVµa δ = l, q (A.26)

Dµf
R
i = ∂µf

R
i + ieQf

sin θW
cos θW

fRi Zµ + ieQff
R
i Aµ . (A.27)

The structure constants are defined by the antisymmetric tensor

fabc =

{

f+−Z = −i cos θW

f+−A = i sin θW
(A.28)

The matrices τa (a = +,−, Z, A) form a representation of SU(2)× U(1):
[τa

2
,
τb
2

]

= ifabcĨcc′
τc′

2
. (A.29)

They are explicitly given by

τ+ = 1√
2
(τ1 + iτ2) τZ(G) = τ3 cos θW +G1 sin θW

τ−= 1√
2
(τ1 − iτ2) τA(G) = −τ3 sin θW +G1 cos θW . (A.30)

τi, i = 1, 2, 3, are the Pauli matrices and

τ+ =

(

0
√

2

0 0

)

τ− =

(

0 0√
2 0

)

τ3 =

(

1 0

0 −1

)

. (A.31)

The matrices τZ and τA depend on the abelian coupling G, which is related to the weak

hypercharge YW of the different SU(2)-doublets:

Gk = −Y k
W

sin θW
cos θW

Y k
W =











1 for the scalar (k = s)

-1 for the lepton doublets (k = l)
1
3

for the quark doublets (k = q) .

(A.32)

The matrix Ĩaa′ guarantees the charge neutrality of the classical action

Ĩ+− = Ĩ−+ = ĨZZ = ĨAA = 1 (A.33)

Ĩab = 0 else.

The parameter Ĝ appearing in the gauge-fixing and ghost action is arbitrary and not

restricted by the symmetries of the Standard Model. Defining

Ĝ = − sin θG
cos θG

(A.34)
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the matrix ĝab depends on Ĝ in the following way:

ĝ+− = 1 ĝ−+ = 1

ĝZZ = cos(θW − θG) ĝAZ = − sin(θW − θG) (A.35)

ĝZA = 0 ĝAA = 1.

In matrix notation it reads:

ĝab =











1 0 0 0

0 1 0 0

0 0 cos(θW − θG) 0

0 0 − sin(θW − θG) 1











. (A.36)

A natural choice in the tree approximation is given by

Ĝ ≡ − sin θW
cos θW

; (A.37)

then one has

ĝab = δab and ζW = ζZ . (A.38)

It turns out, that this choice is not stable under renormalization.

BRS transformations

The classical action Γcl, explicitly ΓGSW and Γg.f. + Γghost, are invariant under BRS

transformations:

sΓcl = 0 and sΓGSW = 0, s
(

Γg.f. + Γghost
)

= 0. (A.39)

BRS transformations are given by:

sVµa = ∂µca +
e

sin θW
Ĩaa′fa′bcVµbĝcc′cc′ (A.40)

sΦ = i
e

sin θW

τa(Gs)

2
(Φ + v)ĝaa′ca′

sFL
δi

= i
e

sin θW

τa(Gδ)

2
FL
δi
ĝaa′ca′ δ = l, q

sfRi = −ieQf

sin θG
cos θW

fRi cZ − ieQff
R
i cA

sca = − e

2 sin θW
Ĩaa′fa′bcĝbb′cb′ ĝcc′cc′

sc̄a = B̂a′ ĝa′a (i.e. sc̄Z = cos(θW − θG)BZ − sin(θW − θG)BA, sc̄A = BA)

sBa = 0

sΦ̂ = q̂

sq̂ = 0
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The BRS transformations are nilpotent on all fields:

s2ϕk = 0 (A.41)

We have given the BRS transformations for arbitrary Ĝ (cf (A.34)).

Slavnov-Taylor identity

For renormalization the BRS transformations are encoded in the Slavnov-Taylor iden-

tity. For this reason one adds to the classical action the external field part:

Γcl −→ Γcl = ΓGSW + Γg.f. + Γghost + Γext.f. (A.42)

with

Γext.f. =

∫

d4x
(

ρµ+sWµ,− + ρµ−sWµ,+ + ρµ3 (cos θW sZµ − sin θW sAµ) (A.43)

+ σ+sc− + σ−sc+ + σ3(cos θGscZ − sin θW scA)

+ Y †sΦ + (sΦ)†Y +

NF
∑

i=1

(

ΨR
li
sFL

li
+ ΨR

qi
sFL

qi
+
∑

f

ψLfi
sfRi + h.c.

)

)

.

The Slavnov-Taylor identity of the tree approximation reads (again for arbitrary Ĝ (A.34)

– (A.36)):

S(Γcl)=

∫

d4x

(

(

sin θG∂µcZ + cos θW∂µcA
)

(

sin θW
δΓ

δZµ
+ cos θW

δΓ

δAµ

)

(A.44)

+
δΓ

δρµ3

(

cos θW
δΓ

δZµ
− sin θW

δΓ

δAµ

)

+
δΓ

δσ3

(

cos θW
δΓ

δcZ
− sin θG

δΓ

δcA

) 1

cos(θW − θG)

+
(

cos(θW − θG)BZ − sin(θW − θG)BA

) δΓ

δc̄Z
+BA

δΓ

δc̄A

+
δΓ

δρµ+

δΓ

δWµ,−
+

δΓ

δρµ−

δΓ

δWµ,+
+

δΓ

δσ+

δΓ

δc−
+

δΓ

δσ−

δΓ

δc+
+B+

δΓ

δc̄+
+ B−

δΓ

δc̄−

+

NF
∑

i=1

(

∑

f

δΓ

δψLfi

δΓ

δfRi
+
∑

δ=l,q

δΓ

δΨR
δi

δΓ

δFL
δi

+ h.c.
)

+
( δΓ

δY †
δΓ

δΦ
+ q

δΓ

δΦ̂
+ h.c.

)

)

= 0.

Ward identities of rigid symmetry

The classical action including the gauge-fixing and ghost action and external field

action (A.42) is constructed in a way, that it is invariant under rigid SU(2) × U(1)

transformations. The Ward operators of rigid SU(2) transformations satisfy the algebra

[

Wα,Wβ

]

= εαβγ Ĩγγ′Wγ′ α = +,−, 3 (A.45)
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The structure constants are defined by the completely antisymmetric tensor εαβγ with

ε+−3 = −i. The Ward identities of rigid SU(2) transformations are given in the tree

approximation by

WαΓcl = Ĩαα′

∫

d4x

(

V µ
b ε̂bc,α′ Ĩcc′

δ

δV µ
c′

+Bbε̂bc,α′ Ĩcc′
δ

δBc′
(A.46)

+ cbĝ
T
bb′ ε̂b′c′,α′ ĝ−1T

c′c Ĩcd
δ

δcd
+ c̄bĝ

−1
bb′ ε̂b′c′,α′ ĝc′cĨcd

δ

δc̄d

+ ρµβεβγα′ Ĩγγ′
δ

δρµγ′
+ σβεβγα′ Ĩγγ′

δ

δσγ′

+ i(Φ + v)†
τα′

2

−→
δ

δΦ†
− i
←−
δ

δΦ

τα′

2
(Φ + v)

+ i(Φ̂ + ζv)†
τα′

2

−→
δ

δΦ̂†
− i
←−
δ

δΦ̂

τα′

2
(Φ̂ + ζv)

+ iY †
τα′

2

−→
δ

δY †
− i
←−
δ

δY

τα′

2
Y + iq†

τα′

2

−→
δ

δq†
− i
←−
δ

q

τα′

2
q

+

NF
∑

i=1

∑

δ=l,q

(

iFL
δi

τα′

2

−→
δ

δFL
δi

− i
←−
δ

δFL
δi

τα′

2
FL
δi

+ iΨR
δi

τα′

2

−→
δ

δΨR
δi

− i
←−
δ

δΨR
δi

τα′

2
ΨR
δi

)

)

Γcl = 0

The matrix ĝab is defined in (A.36), the tensor ε̂bc,α, b, c = +,−, Z, A and α = +,−, 3 is

given by

OT
bβ(θW )εβγαOγc(θW ) ≡ ε̂bc,α =











ε̂Z+,− = −i cos θW

ε̂A+,− = i sin θW

ε̂+−,3 = −i
(A.47)

The matrix Oαa(θW ) (2.96) transforms the SU(2)×U(1) fields W µ
+,W

µ
−,W

µ
3 ,W

µ
4 to phys-

ical on-shell fields W µ
+,W

µ
−, Z

µ, Aµ.

In the Standard Model there are three types of abelian rigid symmetries: the abelian

operator connected with electromagnetic charge conservation WQ
4 =Wem −W3, and the

abelian operators of lepton and baryon conservation Wli and Wqi :

[

Wα,WQ
4

]

= 0,
[

Wα,Wli

]

= 0,
[

Wα,Wqi

]

= 0 (A.48)
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These operators are given by

Wem = −i
∫

d4x

(

W µ
+

δ

δW µ
+

−W µ
−

δ

δW µ
−

+B+
δ

δB+

− B−
δ

δB−
(A.49)

+ c+
δ

δc+
− c−

δ

δc−
+ c̄+

δ

δc̄+
− c̄−

δ

δc̄−

+ρ+
δ

δρ+

− ρ−
δ

δρ−
+ σ+

δ

δσ+

− σ−
δ

δσ−

+φ+ δ

δφ+
− φ− δ

δφ−
+ Y + δ

δY +
− Y − δ

δY −

+ φ̂+ δ

δφ̂+
− φ̂− δ

δφ̂−
+ q+ δ

δq+
− q− δ

δq−

−
NF
∑

i=1

(

Qe(ēi
δ

δēi
− δ

δei
ei + ψ̄ei

δ

δψ̄ei

− δ

δψei

ψei
)

+Qu(ūi
δ

δūi
− δ

δui
ui + ψ̄ui

δ

δψ̄ui

− δ

δψui

ψui
)

+Qd(d̄i
δ

δd̄i
− δ

δdi
di + ψ̄di

δ

δψ̄di

− δ

δψdi

ψdi
)
)

)

and

Wli = i

∫

d4x

(

ēi
δ

δēi
− δ

δei
ei + ψ̄ei

δ

δψ̄ei

− δ

δψei

ψei
(A.50)

+νLi
δ

δνLi
− δ

δνLi
νLi + ψRνi

δ

δψRνi

− δ

δψRνi

ψRνi

)

Wqi = i

∫

d4x

(

d̄i
δ

δd̄i
− δ

δdi
di + ψ̄di

δ

δψ̄di

− δ

δψdi

ψdi
(A.51)

+ ūi
δ

δūi
− δ

δui
ui + ψ̄ui

δ

δψ̄ui

− δ

δψui

ψui

)

.

The classical action is invariant under these global symmetries:

WemΓcl = 0 WliΓcl = 0 WqiΓcl = 0. (A.52)

Since these global symmetries are not broken by renormalization the generating functional

of 1PI Green’s functions Γ is invariant by construction to all orders.

The local U(1) Ward identity

The local U(1) Ward operator, which is defined by the relation

WQ
4 =

∫

d4xwQ
4 , (A.53)
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is (to all orders of perturbation theory) given by the following expression:

wQ
4 =

i

2
(Φ + v)†

−→
δ

δΦ†
− i

2

←−
δ

δΦ
(Φ + v) + {Y, Φ̂ + ζv,q} (A.54)

+

NF
∑

i=1

(

∑

δ=l,q

Y δ
W

( i

2
FL
δi

−→
δ

δFL
δi

− i

2

←−
δ

δFL
δi

FL
δi

+ {ΨR
δi
}
)

+
∑

f

Qf

(

ifRi

−→
δ

δfRi
− i
←−
δ

δfRi
fRi + {ψLfi

}
)

)

.

This operator is continued to a local U(1) Ward identity which is the functional form of

the Gell-Mann–Nishijima relation:

(

e

cos θW
wQ

4 −
(

sin θW∂
δ

δZ
+ cos θW∂

δ

δA

)

)

Γcl = (sin θW2BZ + cos θW2BA) (A.55)

Appendix B: Exercises

1. Parity transformation P is defined by (x0, ~x)
P−→ (x0,−~x).

Show that under the parity transformation P

(a) ψ(xµ)
P−→ ηPγ

0ψ(xo,−~x), where ηP is a phase factor,

(b) ψ̄γµψ
P−→ (ψ̄γ0ψ,−ψ̄~γψ),

(c) ψ̄γµγ5ψ
P−→ (−ψ̄γ0γ5ψ,−ψ̄~γγ5ψ),

(d)
∫

ψ̄γµψV
µ P−→

∫

ψ̄γµψV
µ, if V µ is a vector,

(e)
∫

ψ̄γµγ
5ψAµ

P−→
∫

ψ̄γµγ
5ψAµ, if Aµ is an axial vector.

(f) Show that one cannot assign a well-defined parity to
∫

d4xW µ
−ēγ

µ 1
2
(11− γ5)ν.

2. Left- and right-handed projectors PL = 1
2
(11− γ5) and PR = 1

2
(11 + γ5).

(a) Verify the projector properties

PL + PR = 11, P iP i = P i, i = L,R, PLPR = 0.

(b) Show that fL = f̄PR.

(c) Express the action ΓbilDirac (2.5) in terms of left- and right-handed fermion fields.
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3. Fields are representations of the SU(2)× U(1) symmetry.

(a) Transformations have been given in terms of left- and right-handed fields.

Calculate on the Dirac spinors the transformations δ+f , δ−f and δ3f for

f = u, d, e, ν explicitly. Use these results to find an expression for the lo-

cal functional operators wα in expressions of Dirac spinors. Show that the

transformations depend on γ5.

(b) Verify that δ+ raises and δ− lowers the electric charge.

(c) Check the commutator relation of local SU(2)-operators

[wα(x),wβ(y)] = εαβγw
†
γ(x)δ

4(x− y).

4. The SU(2) invariance is broken by mass terms.

(a) Calculate the currents Jµ±, J
µ
3 and jµem from the identities

wαΓ
bil
Dirac

∣

∣

∣

mf =0
= −∂µJµα ,

wemΓbilDirac = −∂µjµem.

(b) Take a non-vanishing electron mass me 6= 0 and show that

wαΓ
Dirac
leptons(me 6= 0) = ∂µJ

µ
α leptons + iQleptons

α

with

Qleptons
+ = −me

1√
2
ēRνL,

Qleptons
− = me

1√
2
ν̄LeR,

Qleptons
3 = me

1

2
(ēReL − ēLeR).

5. This exercise shows that φ± and χ are not physical fields in the Standard Model.

(a) Give the bilinear part of the Glashow-Salam-Weinberg action ΓGSW .

(b) Eliminate the fields φ± and χ from the free field action by redefining the W

and Z bosons:

W ′µ
± = W µ

± ±
i

MW

∂µφ±,

Z ′
µ

= Zµ +
1

MZ

∂µχ.
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(c) Give the respective free field equations for these redefined fields.

6. Calculate Γmatter in terms of the physical fields W µ
+,W

µ
−, Z

µ, Aµ.

7. Lepton and quark numbers.

(a) Show that the operators of lepton and quark number conservation commute

with rigid SU(2)-operators (see (A.46) and (A.50)):

[Wl,Wα] = 0, [Wq,Wα] = 0.

(b) Determine the corresponding currents jlµ and jqµ in the classical approximation.

(c) Construct the SU(2)×U(1) gauge theory, in which apart from J±µ and J3
µ the

currents qlj
l
µ + qqj

q
µ are gauged, but not the electromagnetic current. Discuss

the result!

8. Consider the renormalization of the ϕ4-theory as discussed in the text (section 4.1).

Two renormalization prescriptions were given: dimensional regularization with MS-

subtraction and BPHZ renormalization. Take the one-loop expressions we have

given in (4.4) and (4.5), (4.7) and (4.8). Compare the Γeff , i.e. the 1-loop countert-

erms, in different schemes. The vertex functions are normalized according to the

conditions (4.14) and (4.15).

(a) Calculate the counterterms to the Γeff in dimensional regularization with MS-

subtraction.

(b) Calculate the counterterms to the Γeff in BPHZL subtraction.

(c) Discuss the result!

9. The ’t Hooft gauges versus unitary gauge.

(a) Calculate the propagators of the scalar and vector fields of the Standard Model

in the ’t Hooft gauges.

(b) Compare these results with the unitary gauge.

10. BRS transformations.

(a) Check the nilpotency of the BRS operator s on the vector and Higgs fields

explicitly (see (A.40)).

(b) Determine the bilinear part of the Faddeev-Popov ghost action (see (A.21) and

(A.22)).
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Renormalization

[R1] C. Becchi, Lectures on the Renormalization of Gauge Theories , in ‘Relativity,

groups and topology II’, Les Houches 1983 (eds. B.S. DeWitt and R. Stora) North

Holland, Amsterdam, 1984.
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[R5] O. Piguet, Renormalisation en théorie quantique des champs and Renormalisation

des théories de jauge, Lectures of the ‘Troisieme cycle de la physique en suisse

romande’, 1982-83.

[R6] O. Piguet and S. Sorella, Algebraic Renormalization, Lecture Notes in Physics 28,

Springer, Berlin, Heidelberg, 1995.

[R7] W. Zimmermann, Local Operator Products and Renormalization in ‘Lectures on
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[28] M. Böhm, W. Hollik and H. Spiesberger, Fortschr. Phys. 34 (1986) 687.

[29] W. Hollik, Fortschr. Phys. 38 (1990) 165.

[30] G. ’t Hooft, Nucl. Phys. B35 (1971) 167.

[31] E. Kraus and G. Weiglein, Preprint Bonn BN-TH-98-16 and Karlsruhe KA-TP-12-

1998, hep-ph/9807548.

[32] L.D. Faddeev and V.N. Popov, Phys. Lett. B25 (1967) 29.

[33] T. Kugo and I. Ojima, Phys. Lett. B73 (1978) 458;

Prog. theor. Phys. suppl. 66 (1979) 1.

[34] P. Breitenlohner and D. Maison, Comm. Math. Phys. 52 (1977) 11,39,55.

71

http://arXiv.org/abs/hep-ph/9807548


[35] N.N. Bogoliubov, O. Parasiuk, Acta Math. 97 (1957) 227.

[36] K. Hepp, Comm. Math. Phys. 2 (1966) 301.

[37] W. Zimmermann, Comm. Math. Phys. 15 (1969) 208.

[38] J.H. Lowenstein, Comm. Math. Phys. 47 (1976) 53.

[39] G. ’t Hooft, Nucl. Phys. B61 (1973) 455.

[40] W.A. Bardeen, A.J. Buras, D.W. Duke and T. Muta, Phys. Rev. D18 (1978) 3998.

[41] A. Denner, Fortschr. Phys. 41 (1993) 307.

[42] J.H. Lowenstein, Phys. Rev. D4 (1971) 2281.

J.H. Lowenstein, Comm. Math. Phys. 24 (1971) 1.

[43] Y.M.P. Lam, Phys. Rev. D6 (1972) 2145; Phys. Rev. D7 (1973) 2943.

[44] T.E. Clark, J.H. Lowenstein, Nucl. Phys. B113 (1976) 109.

[45] S.L. Adler, Phys. Rev. 117 (1969) 2426.

[46] J.S. Bell and R. Jackiw, Nuovo Cimento 60 (1969) 47.

[47] W.A. Bardeen, Phys. Rev. 184 (1969) 48.

[48] G. Bandelloni, C. Becchi, A. Blasi, R. Collina, Comm. Math. Phys. 72 (1980) 239.

72


